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Abstract. We give an explicit bound for the Wasserstein distance with qua- 
dratic cost between the solutions of Boltzmann's and Landau's equations in 
the case of soft and Coulomb potentials. This gives an explicit rate of conver- 
gence for the grazing collisions limit. Our result is local in time for very soft 
and Coulomb potentials and global in time for moderately soft potentials. 
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1. Introduction and main result 

1.1. The Boltzmann equation. If we denote by ft{v) the density of particles 
which move with velocity u e M'^ at time t > in a spatially homogeneous dilute 
gas, then, under some assumptions, / solves the Boltzmann equation 

(1.1) dtftiv) ^ f dv, f daB{\v-v,\,9)[ft{v')Mv:)-ft{v)Mv,)], 

where the pre-coUisional velocities are given by 

„s , v + v^ \v~v^\ , v + v^ \v-Vt.\ 

(1.2 V ~ (T, = (7, 

\ J 2 2 2 2 

and 9 is the so-called deviation angle defined by cos 9 = ||^_^*| -C- The function 
B = B{\v ~ v^\,9) = B{\v' — v'J,9) is called the collision kernel and depends on the 
nature of the interactions between particles. 

Let us interpret this equation: for each w e M'^, new particles with velocity 
V appear due to a collision between two particles with velocities v' and v'^, at 
rate B{\v' — v'J,9), while particles with velocity v disappear because they collide 
with another particle with velocity w*, at rate B{\v — f*|,6'). See Cercignani [5], 
Desvillettes [11], Villani [29] and Alexandre [3] for much more details. 

Since the collisions are assumed to be elastic, conservation of mass, momentum 
and kinetic energy hold at least formally for solutions to (jl.ip and wc will assume 
without loss of generality that J^3 fo{v)dv — 1. 
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We will first assume that the collision kernel B has the following form 
(Al(7)) Bi\v-v,\,0)sme = \v-v4-'l3ie). 

where /3 : (0, tt] [0, oo) is a function and 7 € R. We consider the case of particles 
which interact through repulsive forces following an inverse power law, which means 
that two particles apart from a distance r exert on each other a force proportional 
to l/r", with s E (2, 00). In this case, we have 

(1.3) P(e) ^ cste-^-" with i/= e (0,2), and7= e (-3,1). 

s — 1 s — 1 

One classically names hard potentials the case where 7 G (0,1) (i.e. s > 5), 
Maxwellian molecules the case where 7 = (i.e. s = 5), moderately soft poten- 
tials the case where 7 G (—1,0) (i.e. s € (3,5)), very soft potentials the case where 
7 S (—3, —1] (i.e. s G (2, 3]). We will study in this paper all soft potentials. 

In all these cases, we have (3{d)d0 = +00, which means that there is an infinite 
number of grazing collisions (collisions with a very small deviation) for each particle 
during any time interval. We will consider the Boltzmann equation without cutoff 
where we assume 

(A2) / 9'^(3{e)de = -, 

Jo 

which corresponds to the real physical situation. The classical assumption is only 
9^j3{9)d6 < 00 but we can assume without loss of generality that it is equal to 

^ (it suffices to make a change of time) . 

In the case of soft potentials, we will suppose that for some E (0, 2) and 

< Cl < C2, 

(A3(z/)) €10-^-" < I3{e) < 026-^-" for all 9 E (0,7r]. 



In order to focus on grazing collisions for soft potentials, we also set, for < e < tt, 

(1.4) B,i\v-v,\,9)sm9^\v-v,\-'/3,i9) with /?,(0) = 

Observe that /3e is concentrated on small deviation angles, but for all e E (0,7r), 

(1.5) / 9^i3e{e)de = -. 

Jo 71" 

When the particles exert on each other a force proportional to 1 /r^ , we talk about 
Coulomb potential. As explained in Villani Section 7], the Boltzmann equation 
does not make sense in this case because grazing collisions become preponderant 
over all other collisions. To treat the Coulomb case, we will consider the following 
collision kernel 

(AC) B,{}v-v,\,9)siiie = {\v-v,\+K)-^p,{9), 



where e E (0, 1), ft-e E (0, 1) decreases to as e tends to and for 9 E (0, tt], 

(1-6) M9) = r^^^l.<o<./2, 

log ^ sm^ 0/2 
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where Ce is such that (jl.Sp is satisfied. We can compute expUcitly Ce and we get 

_ 4 log 7 

'^"^iI^ + ^ + 81og^-.V2-2.' 

which tends to J- as e — )■ 0. 

We thus take the same colhsion kernel as in Villani [28l Section 7] with two 
small modifications. We add in the velocity part only to get easily existence 
and uniqueness ol solutions to (jl.ip . Indeed, we do not need it for the calculus of 
the rate of convergence in Theorem 1 1 . 2 1 (observe that we only ask to he to decrease 
to without asking any rate for this convergence). We use to get (|1.5p for our 
convenience, but it does not change the nature of the cross section since Cg is close 
to 77- when e is small. 

Since we have (|1.5|) for each e > and since 9^(3ei9)d9 < i^^i/^ ~^ 0: this 
cross section indeed concentrates on grazing collisions. 

1.2. The Landau equation. We consider the spatially homogeneous Landau equa- 
tion in dimension 3 for soft and Coulomb potentials. This equation of kinetic 
physics, also called Fokker-Planck-Landau equation, has been derived from the 
Boltzmann equation by Landau in 1936 when the grazing collisions prevail in the 
gas. It describes the density gt{v) of particles having the velocity u € K'^ at time 
t > 0: 




where l{z) is a symmetric nonnegative 3x3 matrix for each z G M'^, depending on 
a parameter 7 g [—3, 0), defined by 

(1.8) k,{z) = \z\-y{\z\'6,,-z,z,). 

As for the Boltzmann equation, we can observe that the solutions to (|1.7p conserve 
at least formally the mass, the momentum and the kinetic energy and we assume 
without loss of generality that go{v)dv = 1. 

We refer to Villani [221 [22] for more details on this equation, especially its physical 
meaning and its derivation from the Boltzmann equation. 

1.3. Notation. We denote by C^(E'^) the set of real bounded functions which are 
in C^(M'^) with first and second derivatives bounded and by Lp{R'^) the space of 
measurable functions / with ||/||lp := {J^a \f{v)\Pdvy^P < +00. 

For A: > 0, we denote by Vki^^) the set of probability measures on admitting a 
moment of order k (i.e. such that mk{f) ■= J^s \v\'^f{dv) < 00) and for a G (—3, 0], 
we introduce the space J7q(IR'^) of probability measures / on K"^ such that 

(1.9) Ja(/) := sup / \v -v^l^fidv^) < (X). 

For any T > 0, we finally denote by L°°([0, T], 7'2(K^)), L°°([0, T], LP(R3)), 
L\[0,T],Ja{M.^)) and L\[0,T], LP(R^)) the set of measurable families {ft)tela.T] 
of probability measures on M.^ with sup|o 2-] W2(/t) < +00, supjQ ^-] ||/t||Lp < +00, 
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Jq Jaift)dt < +00 and Jq \\ft\\Lpdt < +00 respectively. We finally denote the 
entropy of a nonnegative function / G L^(R^) by 

Hif):^ [ fiv)\og{fiv))dv. 

In this article, we will use the Wasserstein distance with quadratic cost for our 
results of convergence: if /, 5 G 7^2 ( 



W2(/,.9) = inf {e[\U - y|2]i/2^ U^f,V^g], 

where the infimum is taken over all M'^-valued random variables U with law / and 
V with law g. It is known that the infimum is reached and more precisely if we fix 
[/ ~ /, then there exists F ~ 5 such that W|(/,g) = E[|C/ - V\^]. See e.g. Villani 
[30] for many details on the subject. 

1.4. The main results. We first give an explicit rate of convergence for the as- 
ymptotic of grazing collisions for soft potentials. Observe that the existence and 
the uniqueness of solutions to and (|1.7p that we state in the following result 
are direct consequences of the papers of Fournicr-Mouhot |16| and Fournier-Guerin 
[14]-[15]. The precise notion of weak solutions that we use is given in the next 
section. 

Theorem 1.1. Let 7 G (~3, 0), v (0, 2) and B be a collision kernel which satisfies 



( Al(7) [A2] A3(i/) ). Fore £ {0,tt], we consider as in II. 4\ / 
(i) Ifje (-1,0) and v G (-7,1), let fo G Pp+2{M^) for some p > max(5, 7^/(1^ + 
7)) such that H{fo) < 00. Then there exists a unique weak solution {gt)telo,oo) 
to Jj. 7[ ) with go — /q, and for any e G (0,7r], there exists a unique weak solution 
ifi)te[o,oo) to il.l]) with collision kernel B^^ and initial condition /q = /q. Moreover, 
for any T > and e G (0, 1), 

sup W2{ft,9t) < Ce^, 

[0,T] 

where C is a constant depending on T, p, 7, /q. 

(a) If-/e (-3,0), let fo G Pp+2(K^) for some p> 5 such that fo G L'i{R^) for 
some q > Then there exists T^ = T'*(q, H/oHl?) > such that there exists 

a unique weak solution igt)telo,T,] to |J.7[ ) with go = fo, o,nd for any e G (0,7r], 
there exists a unique weak solution {ft)t£[o,T,] to with collision kernel B^ and 

initial condition /q = fo- Moreover, for any e G (0, 1), 

sup W2{ft,gt) < 

[O.T,] 

where C is a constant depending on p,q,^, fo- 

Point (i) applies to the case of moderately soft potentials (s G (3, 5)) and [ii) 
applies to the case of very soft potentials (s G (2,3]). The proof of this result is 
based on a more general inequality, see Theorem 13. II 

We now treat the case of Coulomb potential. The existence and the uniqueness 
of solutions to (jl.ip and (|1.7p stated below are direct consequences of the papers of 
Fournier-Guerin [14] for (|l.ip and Arsen'ev-Peskov [4] and Fournier [17| for (|1.7p . 

Theorem 1.2. Let-f = -3, B, be given by ISC]J and let fo G Vp{R^) n L°°{R^) 
for some p > 7. Then there exists T* = 7*(||/o||l°°) such that there exists a 
unique weak solution {gt)te[o,Tt] to with go — fo, and for any e G (0, 1), there 
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exists a unique weak solution {ft)telo.T,] to with collision kernel and initial 
condition /q — fo- Moreover, for any e € (0; l)j 




where C and a > depend on p and fo . 

The constant a can be made explicit from the proof. We have two error terms. 
The first one (/i") comes from the fact that we introduce a parameter in the cohision 
kernel in order to get easily existence and uniqueness of solutions to (11.11) . The 

second one jj^^^ ^ is the true rate of convergence that we get for the asymptotic 

of grazing collisions in the Coulomb case. These two terms are not linked, so that 
assuming existence and uniqueness for (jl.ip . we could take h^ = (which still 
makes our proofs valid). Anyway, since we allow /ig to decrease to as fast as one 
wants, we believe that this is not really a limitation. 

1.5. Comments and main difficulties. It was already known that in the limit 
of grazing collisions, the solution to Boltzmann's equation converges to the solution 
of the Landau equation. To be more precise, Degond and Lucquin-Desreux [7] and 
Desvillettes [8] have shown the convergence of the operators (not of the solutions) 
and Villani |28j has shown some compactness results and the convergence of sub- 
sequences. The uniqueness results of Fournier-Guerin [Tl] and Fournier [T7] show 
the true convergence (under some more restrictive assumptions). In this article, 
we give an explicite rate for this convergence and we thus justify the fact that the 
Landau equation is a good approximation of the Boltzmann equation in the limit 
of grazing collisions. 

In all cases (soft or Coulomb potentials), we expect to get a bound for W2{ft, 9t) 

of order ^^J 9^l3g{9)d9 as for the Kac equation (see [in])- For soft potentials, the 

rate of convergence that we get is e^/^^ (if fa is nice) instead of e. For the Coulomb 
potential (which is the only case which has a real physical interest) , we get a rate of 

order (^j^;^^ with a > very small (if /o is nice) instead of ^J^^r- This last case 

is very complicated because of the huge singularity, and there may be underlying 
reasons for the slow convergence. 

The results are local in time, except for moderately soft potentials, but this was 
expected since the uniqueness results for the Boltzmann and Landau equations are 
also local in time. 

To our knowledge, the present paper is the first, with the one of He [2^, which 
states an explicit rate of convergence. He obtains a better rate (e instead of e^/^~ 
for soft potentials) but considers much more regular solutions (lying in Vp{S.^) n 
i?/^(R'^) for some iV > 6, ^ > and p which depends on N). Furthermore, for the 
Coulomb case. He uses a cross section which does not seem to correspond to the 
physical situation (it resembles more at the case of soft potentials). 

Our result has two main interests. A physical one, since it gives a justification 
for the Landau equation, and a numerical one. Indeed, in a recent paper about 
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the Kac equation [19], using the same kind of result for grazing colhsions, we have 
shown numerically and theoretically that it is much more efficient to replace small 
collisions (which cannot be simulated) by a Landau-type term than to neglect them. 
Theorem 1.1 shows that this should also be the case for the Boltzmann equation 
for soft potentials. 



Our proofs use probabilistic methods. The first who used probabilistic methods 
to study a Boltzmann- type equation (the Kac equation) is McKean [551 113 • He 
was investigating the convergence to equilibrium and he proposed some probabilis- 
tic representation of Wild's sums, using some tools now known as the McKean 
graphs. The present article is strongly inspired by Tanaka [25]. He proved that the 
Wasserstein distance with quadratic cost between two solutions of Kac's equation 
is non-increasing. He extended the same ideas in [26] to the Boltzmann equation 
for Maxwell molecules. His study was based on the use of some nonlinear stochastic 
processes related to the Kac and Boltzmann equations. The same kind of ideas is 
also used in Desvillettes-Graham-Meleard 9_. 

In this article, we will also use a result of Zaitsev [32] in order to obtain a 
bound for the Wasserstein distance between a compensated Poisson integral and 
a Gaussian random variable. Such an idea comes from the paper of Fournier |18] 
about the approximation of Levy-driven stochastic differential equations in one 
dimension, see also [19] . Since we work here in dimension 3, such a result is much 
more difficult to obtain. 

If we compare the present work to our similar result for the Kac equation, another 
difficulty is the fact that we treat the case of soft and Coulomb potentials (7 e 
[—3, 0)) instead of the Maxwell case (7 = 0) where the velocity part of the collision 
kernel is constant. These reasons explain why we are not able to obtain an optimal 
rate of convergence. 

1.6. Plan of the paper. In the next section, we precise the notion of weak solu- 
tions that we shall use, we give well-posedness results and some properties of the 
solutions to Boltzmann's and Landau's equations. In Section 3, we give a general 
result about the Wasserstein distance between solutions of Boltzmann's and Lan- 
dau's equations for soft potentials and we deduce Theorem ll.il In Section 4 we give 
a probabilistic interpretation of the equations ()l.ip and (|1.7p . Section 5 is devoted 
to the proof of our general result for soft potentials. In Section 6, we study the 
Coulomb case. We end the paper with an appendix where we give a result about 
the distance between a compensated Poisson integral and a centered Gaussian law 
with the same variance, a result about the ellipticity of the diffusion matrix I (recall 
p.Sp ). a generalized Gronwall Lemma and another technical result . 



2. Weak solutions 
2.1. Preliminary observations. 

2.1.1. Soft potentials. We consider a collision kernel which satisfies {Al(^) [A2 



A3(iy) ) and we set, for 9 G (0,7r], 



(2.1) H{e):= I I3{x)dx and G{z) := H-^{z). 
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The function _ff is a continuous decreasing bijection from (0, tt] into [0, +oo) and 
G : [0, +oo) — > (0, tt] is its inverse function. By Fournier-Guerin [TH Lemma 
1.1, (i)], Assumption (A3(i/)| implies that there exists ki > such that for aU 
x,y & K+, 



(A4) 



{G{z/x) - G{z/y)ydz < 



V 



Lemma 2.1. For e € (0, tt], we consider /?<: as in {1-4^ , and we set for 6 e (0, e] 
H,{e):= [ I3,{x)dx and Ge{z) := H-^{z). 



The function is a continuous decreasing bijection from (0, e] into [0, +oo) and 
Gc : [0, +CX3) — (0,e] is its inverse function. Then for all e G (0,7r], G^ satisfies 
( fA4l) wit/i t/ie same ki > as G. 



Proof. Observing that H,{0) = ^H(^) and G^{z) = f G(^), we have, for 
all x,y > Q and all e e (0, tt], 

(G.(j)^a(i))^<i= = f il(G(i;i)-G(ii))'d. 

That concludes the proof. □ 

To deal with soft potentials, we will use that for a G (—3, 0) and for q G (3/ (3 + 
a), oo], there exists a constant Ca,q such that for any h £ V{R^) n L'^{R^), 

(2.2) J^[H) — sup / h{v^)\v — v^\°'dv^ 

< sup / /i(w*)|w — u*|"(iti* + sup / h{v^)dv^ 

uGffi^ J|t).-t>|<l dSR^ v'|tit-ti|>l 

< Go „||/i||l9(R3) + 1, 



where 



Gct.q — 



|,;.|<1 



< OO, 



since by assumption aq/{q — 1) > — 3. This computation will be useful in many 
proofs of this article. 

2.1.2. Coulomb potential. We consider the collision kernel given by (|ACl) and 

we set, for e e (0, 1) and 9 e [e, 7r/2], 

(2.3) H,{0):^ I3,{x)dx and G,{z) -.^ H-^{z). 



The function iJ^ is a continuous decreasing bijection from [e,7r/2] into [0,H^{e)] 
and we extend its inverse function G^ : [0, iJe(e)] — >■ [e,7r/2] on [0, cx)) by setting 
G,(z) = for > iJ,(e). 
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Lemma 2.2. There exists K2 > such that for all x, y G M+, for all e G (0, 1), 

/ A ,.^ f°° f f \ ^ / / x\2 , ^ f{x — yY max(a;,j/), max(a;,y)\ 

A5 / {z x) - Ge (z y)) dz < J' + . \' log . ; . 

Jo y x + y logi niin(a;,y)/ 



Proof. We have, for 6 G [e, 7r/2] and z £ [0, oo), 

H,{e) = r^{sm-^^-2) and G,(0) = 2 arcsin (^^^ + 2) '%<//.(e)}. 
We consider < x <y. We have 



JO JO 

+ / GUz/y)dz 

JxHJe) 



=:A + B. 

Using that for any a, 6 > 2, 

{h-af 



arcsm — ;= — arcsm — ;= < 2 — ;= ;= =2 — = ^ < 2—— — 

and setting := we have, recalUng that < a; < y, 

z2 



6)' 



a; y 



(iif. + l)(fif. + l)(ii^e + fife + l) 



x + y yJo zkJ 

^ (x-y)^ / 1 logji^ N 
x + y Vi^T, Jf, y 

x + y 

We finally used that K^: ~ 1 as e — >■ 0. Using that arcsin < V^-^ for any 
a > 2, we get for B, 

Jxl 



'xH,{e) 



K,z + y K, ^ K,xH,{e) + y " if, ^ K,xH,{e) + x 

"log-' 



log 7 a; 

which ends the proof since sup^g^Q ^) < 00 (recall that Ce — >■ □ 
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2.2. The Landau equation. We consider the operator L defined, for any 4> G 
C2(M3), by 

3 3 

(2.4) L<p{v,v,) = 7^Y1 hAv ~ v,)dl4>{v) + Y.h{v ~ v,)d,cl>{v), 



2 

i,j=i 1=1 
where Uj is defined in (|1.8p and 

3 

(2.5) 6,(z) = ^a,Z,j(z) = -2|zpz„ fori =1,2, 3. 

For any cj) G C^, we have 

\Lcl){v,v,)\ < C4\v - v,r+^ + \v- v,p+^) 

< C^(l + \v\' + \v,\' + \v- t;,r+il^e[-3,-i))- 

We can thus observe that aU the terms in the fohowing definition are weU-defined. 

Definition 2.3. Let 7 e [-3,0). We say that {gt)te[o,T] e L°° {[0,T],V2{R^)) is a 
weak solution to |J.7| ) if 

(2.6) III \v-v,p+^gt{dv)gt{dv,)dt<^, 
Jo Jr^ Jr3 

(which is automatically satisfied if ^ G [— l,0)j and if for any (j) e C^(R'^) and any 

te [0,T], 

(2.7) / (j){v)gt{dv) / (f){v)go{dv) + / / / L<j){v,v^)gs{dv)gs{dv^)ds. 

JR3 JR3 Jo JR3 JR3 

We now recaU a resuh of Fournier and Guerin |15| which gives existence and 
uniqueness of a weak solution for the Landau equation. 

Theorem 2.4. (i) Assume that 7 e (-2,0). Let p{^) := 7^/(2 + 7). Let go e 

P2(R^) n Pp(M^) /or some p > ^(7) satisfy also H{go) < 00. Consider q e (3/(3 + 

7), (3p — 37)/(p — 37)) C (3/(3 + 7), 3). Then the Landau equation |_?. 7] ) has a 

unique weak solution {gt)t>o in L^^([0, 00), 7'2(IR^)) n L,i„^([0, cx)), L«(R3)). 

(a) Assume that 7 G (-3,0), and let q > 3/(3 + 7). Let go e 7'2(]R^) n L«(R^). 

T/ien there exists > depending on q,\\go\\Li such that there exists a unique 

weak solution (5t)t6[o,T.] to (T^) lying in L°°{[0,T^],r2{M.^) n L«(R3)). 

("iii; Assume that 7 = -3. Lei .go G ■P2(R^) H L°°(R^). T/ien there exists > 

depending on ||(7o||l°° smc/i i/iai i/iere exists a unique weak solution {gt)te[o.T,] 

(73) /i/m<? m L°°([0,T,],7'2(R^) n L°°(M3)). 

(iv) For any t>Q (case (i)) or t G [0, T.^,] (case (ii) and (Hi)), we have 

(2.8) / gt{v)cl){v)dv^ I go{v)cb{v)dv, 0(i;) = 1, 1;, 

JR3 JR3 

We also have the decay of entropy: for all t > (case (i)) or t G [0,r*] (case (ii) 
and (Hi)), 



(2.9) / gt{v)\oggt{v)dv < / go{v)\oggo{v)dv. 

JR3 JR3 

Furthermore, if mp{go) < 00 for some p > 2, then supjg j^j 771^(173) < 00 for all 
T > (case (i)) or all T G [0,T*] (case (ii) and (Hi)). 
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For Points (i) and (m), one can see Fournier-Guerin [15| Corollary 1.4]. For 
Point (iii), one can see Arsen'ev-Peskov [4 for the existence and Fournier [17] for 
the uniqueness of igt)te[o.T,] ■ The conservation of mass, momentum and energy and 
the decay of entropy are classical in Point (iv). For the propagation of moments, 
one can see Villani j^H Section 2.4 p 73] for 7 G (—2,0) and 27, Appendix B p 
193] for 7 e [-3,-2]. 

2.3. The Boltzmann equation. We take here the notation of Fournier-Meleard 
[H]. For each X e R^, we introduce I{X), J{X) e such that (|§y, ^^) is 
an orthonormal basis of M.^. We also require that I{—X) = —I{X) and J(— A) — 
—J{X) for convenience. For X,v,v^, e M.^, for 9 G [0, tt] and (p £ [0,2tt), we set 



(2.10) 



'T{X,ip) := (cos(^)/(X) + (sin(^)J(X), 

:=.i;'(f,w,,6',(p) ■= v - ^^^{v ~ v,) + ^T{v - v^,ip), 
< := ^(t', t'*, 'f) ■■= V, + ^^{v -V,)- 2i|^r(t- - v,,^), 
:= a{v, v^,,6, ip) :— (v' — v) ~ —{v^ — w*). 



which is nothing but a suitable spherical parametrization of (jl.2l) : we write a € §^ 
as CT = 1^3^*1 cos6> + '^I'^'^rJ*!'' sin 6> cosy? + sin6>sinij9. We can now give the 

notion of weak solution of Boltzmann's equation. 

Definition 2.5. Consider a collision kernel B{\v — v^,\,9)sm6 = $(]w — v^,\)f3{d) 
with j3 satisfying iA2|) . We say that a family (/t)te[o,T] ^ L°°([0, T], 7^2(1^^)) is a 
weak solution to il.l]) if 

(2.11) III \v-v,\''^{\v-v,\)ft{dv)ft{dv,)dt<oo, 



JO JS.^ 

and if for any (j) G C^(M^) and any t G [0,T], 

(2.12) / cj){v)ft{dv)= I cj){v)fo{dv)+ I I I A(l){v,v,)f,{dv)fsidv,)ds, 
Je3 Je3 Jo Je3 Je3 

where 

(2.13) AcPiv, V,) = r /'"[</'(^;') + 0«) - cl^iv) - </.(i;,)]d(p/?(0)d0. 

^ Jo Jo 



For any v,v^ Cz 
(2.14) 



, e G [0,7r] and (j) G (^^^(MS)^ we have (see Villani [H P 291]) 



so that (jA2p and (|2.1ip ensure that all the terms in (|2.12p are well-defined. 

We now give a result of existence and uniqueness for the Boltzmann equation 
with soft potentials. 

Theorem 2.6. Let 7 G (—3, 0), G (0, 2) and B be a collision kernel which satisfies 
( A1(7)[|A2]|A3(;/)| ). For e G (0,7r], we consider as in {14\l - 
(i) We assume that 7 G (—1,0) and v G (—7,1). For some p > 7^/(j^ + 7), let 
fo G 7^2(1^^) n 7^^(18^) with H{fa) < 00. Then for any e G (0,7r], there exists a 
unique weak solution ift)te[o,oo) to with collision kernel B^ starting from /g 

lying m L^^([0, 00), p2(K^)) n L[„^([0, 00), L9(M3)) for some (explicit) q G (3/(3 + 



7), 3/(3 — v)) with estimates uniform in e. 
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(a) We next consider the general case. Let q e (3/(3 + 7),oo). For any fo G 
P2(K3) n L^iR^), there exists T* = T*(||/o||l<j, g) > such that for any e e (0,7r], 
there exists a unique weak solution {ft)t&[o,T,] io lil.l]) with collision kernel 
starting from fo lying in L°° (\0,T^],V2{^'^) H L'^(M'^)), with estimates uniform in 
e. 

(Hi) For any t > ( case (i)) or t ^ [0, T*] ( case (H)), any e € (0, tt], 



(2.15) / ft{v)ct^{v)dv = fo{vmv)dv, (biv)^l,v,\v\', 
and 

(2.16) / ft{v)\ogft{v)dv< [ fo{v)logfo{v)dv. 

Furthermore, if ^ G (~2, 0) and /q S 7^p(M'^) for some p > 4, then for any e G (0, tt], 
any T >0 (case (i)) or any T G [0,T^] (case (H)), 

sup mp{fl) < Cp,Tmp{fo), 

[O.T] 

where Cp^x is a constant which does not depend on e. 

To prove (i) and (m), we follow the line of some proofs in Fournier-Mouhot |16j 
and Fournier-Guerin [14) . 

Proof. Point (ii) is a consequence of [TH Proof of Corollary 1.5, Step 2] (recall 
(|A4[) ). More precisely, we only need to check in their proof that T* does not depend 
on e. For this, it suffices to prove that for any e G (0, tt], there exists a constant C 
which does not depend on e such that any weak solution to (|l.ip (with cross section 
-Be) a priori satisfies 

(2.17) j^\\ft\\L^<C{l + M\\h). 

This will guarantee that for < t < T* := -^{71/2 — arctan ||/o||Lg), we have 

/ vr 1 

\\ft\\Li < tan(arctan||/o||Lg + Ct) < tan + - arctan ||/o||l5 

We classically may replace in A(j> (recall pT3l) ) 13,(9) by f5,{0) = [/3, (6*) + ^5, (tt - 
6')]l0e(o,7r/2], see e.g. Desvillettes-Mouhot [12, Section 2]. Following the fine of [121 
proof of Proposition 3.2], we get 



at Jr3 



v)\''dv 

7r/2 p2TT 



<{q-i) ft{v,)dv, dv\v-vA'^ PMde d^[{ftY{v')-{ftY{v)]. 

JK3 JR3 Jo Jo 

Using now the cancellation Lemma of Alexandre-Desvillettes-Villani-Wennberg [TJ 
Lemma 1] (with N ~ 3, f given by (ft)'^, and i?(|w— |, cos6') sin 9 = $,{9)\v—v^p), 
we obtain 



d_ 
dt 



\f^iv)\''dv<27Tiq-l) I ft[v,)dv, [ {ftYdv f ' 

JR3 Jo 

cos-'^{9l2){\v-v^\cos-^{9/2)y - \v-v4^\. 
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One easily checks that | cos-3(5)/2)(|?; - | cos-1(6'/2))t ~ \v - v^\'^\ < C\v - 
v^l'^e^ for all e e (0,7r/2] (where C depends only on 7). Since ^^'^ 6^ j3^{e)de < 
e^l3,{e)de = |, we finally get with C = C(7, g), 



by 



<c ( {nnv)dv+c,J I {fn''{v)dv 



1+1/9 



and since q > 3/(8 + 7). This yields 
d 



\\ft\\l^\^ 



\f^ivWdv<c\\m\L. + c,M\i^, 



from which (j2.17l) immediately follows. 



We now prove (Hi). First observe that the conservation of mass, momentum and 
kinetic energy and the decay of entropy are classical. 

Next let 7 e (-2,0) and p > 4. We want to apply ([2+2]) with 0(u) = \v\p. 



We set A = \v'\p + Iv'Jp 



(see ([2J0|) ). Observing that 



a, 

vl = - a, and 'V<j>{v) ^ p\v\P~'^v, (j)" (v) ^p\v\P^'^h + p(jp - 2)\v\p^'^vv* (where 
(j)" is the Hessian matrix of 0) and using Taylor's formula, we have 

l^ = a.{p\v\P-^v-p\v,\P-^v,) 

'p{\wi\P-^ + \w2\P-^)a+p{p~2){\wi\P-\wiwl)a + \w2Y'-\w2W*^)a) 

= pa.{\v\P-\v - V,) + {\v\P-^ - \v,\P-^)v,) 

+ I [(kiT' + k2r')|a|' + (p - 2)(|i/;i|P-4(a.y,i)2 + \w2r\a.W2f)'\ , 

where wi = f + Xia for some Ai G [0, 1] and W2 = + for some A2 G [0, 1]. We 
have Iwil^*"^ + |w2|''^^ < C'p(|u|P^^ + |w*|^^^) where Cp is a constant which only 
depends on p. Observing that 



1 



,|P-2 



<Cp\v~v,\{\v\P-^ + \v,\P-^), 



that lap = i^|i,_^,,|2^ J - i. 

[jl.Sp and using (|2.12p with 0, we get 



^/3.(0)d0 < I by 



^mp(/,^) < Cp 



7+2(|„|p-2 



vA^-^)mv)rt{dv.) 



<Cp{l + rapifl) + TO2(/t^)mp_2(/n) 
<Cp(l + mp(/n), 

with C depending on p, 7, m2(/o) (we used that a;'*'^^ < C^(l + x^) for any a; > 0). 
Point {in) immediately follows. 



The existence and the uniqueness in (i) are already proved in Fournier-Guerin 
[14] . We only have to check that the estimates are uniform in e. For that, it suffices 
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to show that for any a G (0,7) 



T 



(2.18) ||(i + K-r")/,'||^^dt<c(i + r), 

with C independent of e. Indeed, since we have sup [q rnp(/j'^) < C for some 
p > (with C independent of e) by {in), we wiU get 

"•^ "li([0,T],L9(R3)) - 

for some q G (3/(3 + 7), 3/(3 — v)) by Fournier-Mouhot [TH Step 3 of the proof 
of Corollary 2.4]. Looking at Desvillettes-Mouhot I12| paragraph before Equation 
(3.2)], we see that to prove ()2.18p . it suffices to check that 

(2.19) r \\./f!\\W(ivi<mdt < C^'^'d + T), 



It \\H''/'^(\v\<R)'- 
•I u 

for some constant C which does not depend on e. It remains to follow the hne of 
Alexandre-Desvillettes-Villani-Wennberg pL] Theorem 1] to get (|2.19p . More pre- 
cisely, we have to check that the constants which appear in the following inequality 
[U Theorem 1] (observe that here 'I'dwl) = \v\^ does not vanish at 0) 

(2.20) Ilv^||?,./.(|.|<«) < iqlR\\D{n) + (Ci + C2)||(l + \v\^)n\\l^ 



do not depend on e, where D(ff) is the functional of dissipation of entropy (see 
(|2.22p below). The constant Ci comes from [TJ Corollary 2]. This constant is such 
that (observe that there is a misprint in the corollary) 

H\v-v,\) + \v-v,\A'{\v-v,\) < Cidv- + |w-'y*P), 

where 

A{\v-v,\)= f \v~v,mi -cos 9) I3,{9)d9, 
Jo 

and 

A'{\v~v.\)^ r sup ''I'^'^'^if ~!\ l-cos0)/3,(g)dg. 

We can thus take Ci = Q^jj^ (0)d9 = 2^^ . Then we deal with the constant 

C2 which comes from [TJ Lemma 2]. This constant depends on 

/ cos""^ I sin^ ^-I3,{9)d9 <C f 9^l3,{9)d9 
Jo 2 2 Jq 

and since this last integral is equal to ^, the constant C2 does not depend on e. 

The constant Cfi comes from p] Proposition 2]. It is of the form C'^cK. First 
C'je > is controled (from below) by upperbounds of mi{f^) and /jja /('^log(l + 
ff{v))dv, which are both classically controled (uniformly in e) by m2(/o) and H{fo). 
Next, K > Ois such that for all |^| > 1, 

,|£|2 

- {1- COS 9) M)l3,{9)d9> KIS,]". 



One easily deduces from (A3(i^)) that such an inequality holds uniformly in e G 
(0,7r]. 
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Hence ()2.20|) holds uniformly in e e (0, vr], and we find that 

(2.2f) ||/^ll?^./^(H<fl,) <C^^'^'[m') + (l + "^2(/n)' 

for some constant C depending only on /o (and on 7, /? but not on e). Integrating 
p.2ip in time and using that 

(2.22) / Dif^)dt = H{fo) - H{fl) < Hifo) + Cm^ik), 

Jo 

(because classically, H{f) > — Cr7i2(/)), we finally deduce (|2.19p and that concludes 
the proof. □ 

We finally treat the Coulomb case. 

Theorem 2.7. Assume i fACp and let /q €E ■p2(R'^)- Then there exists a unique 
weak solution {ft)tGlo,oo) to hl.l]) . Furthermore, if Jq £ L°°(^^), then there exists 
=T4||/o||l~) >0 SMc/i i/iai sup^g(Q 1) sup[Q ll/t'llioo < 00. 

Proof. We observe that for e G (0, 1) fixed, we consider a cutoff case with a 
bounded cross section: for any g R'^ and 9 e [0,7r/2], B^{\v — v^,\,9) < C^. 
The existence and the uniqueness of ift)te[o,oo) are thus classical. 

For the stability in i°°(R'^), like in the previous proof (there is no need to 
introduce /3e here since f3^ is supported in [0, 7r/2]), we have for all q > 1, all 
ee (0,1), 



\ftiv)\'dv 



d 
dt 

<{q-l) f ft'Mdv, f dv{\v ~ v^,\ + h,)-^ f ' ^,{B)dB 



Jo 

<{q~i) I ft{v*)dv, j dv\v-v,\~'-' f p,{e)de 

Using now the cancellation Lemma of Alexandre- Villani [2l Proposition 3] (with 
N = 3, f given by (ft)'^, and B{\v — |, cos 0) sin6' — f3e{S)\v — w*|~'^), we obtain 



d 
di 

since 



\f^{v)\^dv<Kiq^i) / {nMr+'dv.<ciq-i)\\mL^\\mh, 



47r2 /•'^/2 1 47r2 /•^/2 1 
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We thus get 

< -( / \nivWdvy^'''c{q~i)\\mL^u 

at q\ Jtsis I 

<c\\n\\LA\n\w- 

Making q tend to infinity, we get 

j^\n\\L-<G\\n\\i^, 

and thus taking T» < c|j7;n]7^' have for any t < 

ll^eil ^ II/o||l== 
\\jt < 



e||9 
Li 



I - C\\fo\\L^f 

This concludes the proof. □ 

3. A GENERAL ESTIMATE FOR SOFT POTENTIALS 

In this section, we give a general estimate for the distance between a solution 
of Boltzniann's equation and a solution of Landau's equation (for soft potentials) 
from which Theorem 11.11 follows . 

Theorem 3.1. Let 7 £ (—3,0) and let B be a collision kernel which satisfies 
( 'A1(7)[|A2]|A4)] . Let T > and p > 5. Let f ^ (/t)te[o,T] be a weak solu- 



tion of U.l\) with collision kernel B and g — (.9t)te[o,T] be a weak solution of 
( flTTp with H{gn) < 00. We assume that f e L\[0,T],J^), g £ L^{[0,T],J^) n 
i°°([0,r],-Pp+2(R^)) and if"/ G (-3,-1), that f and g belong to L°°([0, T], J^+i). 
Assume furthermore that 9'^f3{9)d9 < 1. Then for any n > 1, r] £ (0,7r) and 
M> y/2m2{go), 

sup Wiifugt) < C [w|(/o, .90) + - + / 9^mde 

[0,T] L " JO 

+ ^ 9-'md9 + 7fM^n(\og\rr,) + log'(rV) + + ^] , 

where 

(3.1) r„ = J r9^md9 

4 Jo 

and where C depends onp,T,Ki,j, J-y{fs+gs)ds, sup [q mp+2 (.9s); H{gQ), and 
additionally on supjQ J^+i(/s + gs) if ^ £ (—3, —1). 

This result is proved in Section [S] We can now deduce Theorem ll.il 



Proof of Theorem ll.il We consider a collision kernel which satisfies ( Al(7) 



A2J |A3(^)P and we set /3e = f^/3(^)l|e|<e and B^{\v-v^\,9) sm9 = \v-v.,\'^ I3,{9) 



We first note that (jA2l) is satisfied by B^ (see (HH])) and that {A3{u) I implies (|A4[) 
(see Lemma \2A\i . 

We now prove point («). We thus assume that 7 £ (—1,0), i' £ (—7,1) and 
fix T > 0. Since fo £ Vp+2{^^) for some p > max(5, 7^/(1/ + 7)) and since 
H{fo) < 00, by Theorems 12.61 and 12. 4[ there exists {ft)te[o,T] solution to (jl.ip 
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with collision kernel and {gt)te[o,T] solution to (|1.7p both starting from /o and 
lying in L°°([0, T], T'p+alK^)) n L^O, T], L«(R3)) for some g G (3/(3 + 7), 3/(3 - 1^)) 
(uniformly in e S (0,1))- Now using (12. 2p . we get that {ft)tGlo,T] and ((?t)tG[o,T] 
belong to L^{[0, T],J-^(M.^)) (uniformly in e e (0, 1)). We thus can use TheoremO 

-2p . -2 

with /3 = = e, n w e^p+a and M = \/2rn2(/o)e^''+^ and we get (observe that 
e^P,{9)d9 = 0, = 1 and that e^/3,{9)d9 < C<?) 

snpWUfu9t)<C 

[0,T] 

2 -2 

since log e < Ce^p+^ for any e e (0, 1). Point (i) is proved. 

For point (m), we consider /o G Vp+2(R^) H L''(R'^) for some p> 5 and g > 3^ 
with -ff (/o) < 00. By Theorems l2.6l and l2.41 there exists > 0, (/t )te[o,T,] solution 
to (jl.ip with collision kernel and (5t)tg[o,T,] solution to ()1.7p both starting from 
/o and lying in L°°([0, T*], p2(M^) n L9(M3)) (uniformly in e £ (0, 1)). We also have 
that {gt)telo.T,] belongs to L°°([0, T*], Pp+2(R^))- Using again (gill), we get that 
(/nte[o,T.] and (5t)te[o.T.] belong to LH[0, T*], J^(R3)) and to L-([0, T,], J^+i(K3)) 
if 7 e (—3, —1), all this uniformly in e e (0, 1). We conclude the proof as previously. 
□ 



4. Probabilistic interpretation of the equations 

We will use probabilistic tools in order to prove Theorems II. II and II. 2 [ like in the 
paper of Tanaka [26]. Until the end of the article, {i^,J-, (J^t)t>o,P) will designate 
a Polish filtered probability space satisfying the usual conditions. Such a space is 
Borel isomorphic to the Lebesgue space ([0, 1], S([0, 1]), da) which we will use as 
an auxiliary space. To be as clear as possible, we will use the notation E for the 
expectation and £ for the law of a random variable or process defined on (il, J^, P), 
and we will use the notation and Ca for the expectation and law of random 
variables or processes on ([0, 1], S([0, 1]), da). The processes on ([0, 1], S([0, 1]), da) 
will be called a-processes. 

4.1. The Boltzmann equation. We first need to rewrite the collision operator A 
defined in p. 131) as in Fournier-Guerin [14]. The goal of this operation is to make 
disappear the velocity-dependance \v — Vi,p in the rate. One can find the following 
lemma and its proof in 14, Lemma 2.1]. 

Lemma 4.1. Let B{\v - v*\, 9) sin 9 = ^{\v - v^\)(3{9) with (3 satisfying liA2}) . We 
set 

(4.1) k:=Ti ( {l~ cos 9) I3{9)d9. 

Jo 

Recalling \2. 1\) and \2.10]) . we define for z G (0,oo), ip G [0,27r), w, G M.'^ , 



2p , 2p + 2 „ „ -2 . 2p 

£55T3 -j_ £^ -|- ^WT^ (log e + e^p+^ ) + e^pTs 



(4.2) 



c{v, v^,z, if) := a[v, v^,G{z/^{\v - v^\)),ip 
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We have A(l){v,v*) = ^[Ai(j){v,v^) + Ai(l){v^,v)] for all v,v* G M? and 4> G C^(M^), 
where 

Ai(j){v,v^,) — J J (^(l)[v + c{v,v^,,z,(f)] — (j)[v] — c[v,v^,,z,'p].V(j)[v]^dipdz 
- k^{\v ~ w*|)V(/)(w).(w - w*) 

CO />27r 

/ (0[t) + c(i;,w*,z,¥3 + (^o)] -0H 
Jo ^ 

(4.3) — c\v, v^,z,ip + ipQ].'V(j)[v]jdipdz — fc$(|v — v^\)V(p{v).{v — v^), 

the second equality holding for any tpo G [0,27r) (which may depend on v, v^, z). 
As a consequence, we may replace A by Ai in i2.12\) . 

We now recall a fundamental remark by Tanaka |26] , slighlty precised in Fournier- 
Meleard [H Lemma 2.6]. 

Lemma 4.2. There exists a measurable function ipo : M.'^ x M.'^ ^ [0, 27r), such that 
for all X,Y eM.^, all ip e [0, 2tt), 

(4.4) \TiX,ip)-TiY,p, + MX,Y))\<3\X -Y\, 
where T{X, Y) is defined in \2.1U\) . 

We now introduce a nonlinear stochastic differential equation linked with p.ip . 

Proposition 4.3. Let B{\v - v^,\,6)sin6 = (^{\v - v^,\)j3{6) satisfying (i) [A1(7)P 
for some 7 € (-3,0), 1X2]) and iTAI]) or (ii) iTAC]) . For some T > 0, let f ^ 
ift)te[o,T] be a solution to {OP Zj/m^f m ("ij L^P, T], J^(]R3))nL°°([0, T], 7'2(K^)) or 
in ("m; L°°([0,r],L°°(R3))nL°°([0,T],p2(K^)). Consider any a-process {Vt)te[a,T] 
such that Ca{Vt) — ft for all t G [0,T]. Let also N be a {Tt)t£[o,T]-Poisson mea- 
sure on [0, T] X [0, 00) X [0, 27r] x [0, 1] with intensity measure dsdzdipda, and Vq 
a To-measurable random variable with law fa. Then there exists a unique process 
{Vt)te[o,T] such that for all t e [0, T], 

Vt=Vo+ / / c{Vs-,Vs{a),z,^)N{ds,dz,d^,da) 



"'0 "'0 

t rl 



Jo 



(4.5) / <^>{\Vs-Vsia)\){Vs^Vs{a))dsda, 



with k given by and c given by {4^-2^ . Furthermore, £(Vt) = /( for all t G [0, T] . 

Proof. We start with case (i). In this case, the existence and the uniqueness of 
(Vt)tg[o,T] sre already proved in Fournier-Guerin [14, proof of Lemma 4.6, Steps 3 
to 6]. We set /x* = C{Vt)- Using Ito's formula for jump processes (see e.g. Ikeda- 
Watanabe [211 Theorem 5.1]) and taking expectations, we have for any (f) G C^(R'^) 

4>{v)^it{dv) ^ I (t){v)fQ{dv) + / / / Ai(j){v,v^)fis{dv)fs{dv^)ds. 

JK3 Jo JR3 JR-' 

We thus have = ft for any t G [0, T] by [H] Lemma 4.6]. 

The case {ii) is easier since it is a cutoff case with bounded collision kernel and 
we leave it to the reader. □ 
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4.2. The Landau equation. To give a probabilistic interpretation of ()1.7p . we 
need to use a three-dimensional space-time white noise W{ds,da) on [0,r] x [0, 1] 
with covariance measure dsda (in the sense of Walsh Recall that W is an 

orthogonal martingale measure with covariance dsda. 

Proposition 4.4. (i) Let 7 € [—3,0). For some T > 0, let g — (gt)tg[o,T] be 
a solution to (T^ lying in L\[0,T], J^{R^)) n L°° {[0,T],V2{M.^)) if 1 e (-3,0) 
and mL°°([0,T],L°°(R3))nL°°([0,r],'P2(R^)) if 1 = -3. Consider any a-process 
{Yt)te[o,T] such that CaiYt) = gt for allt € [0,T]. Let also W be a three-dimensional 
space-time white noise on [0, T] x [0, 1] with covariance measure dsda, and Yq a 
To -'measurable random variable with law go. Then there exists a unique process 
{Yt)te[o.T] such that for all t € [0, T], 



(4.6) Yt = Yo 



[ [ (7{Ys-Ys{a))W{ds,da)-^ [ [ b{Ys - Y,{a))dsda, 
Jo Jo Jo Jo 



with for any z e R , b{z) given in i2. 5]) and 

(Z2 —z^ 
~2i Z3 
Zl -Z21 

We observe that a{z)(7*{z) = l{z) with l{z) given by U.8\} . Furthermore, C{Yt) = gt 
for all t G [0, T] . 

(ii) It is possible to handle this construction in such a way that Ca{{Yt)t(^[Q t]) = 

One can see Fournicr-Guerin p!5l Proposition 2.1] for the proof of point (i) when 
7 € (—3,0) and Fournier [l7l Proposition 10] when 7 = —3. 

Proof of point (ii). We first observe that the law of {Yt)te[o,T] does not 
depend on the choice of (i^t)te[o,T] • To get convinced, use a substitution to rewrite 
lo lo ^i^s ~ Ys{a))W{ds, da) as /p J^s a{Ys — z)W{ds, dz) where W{ds, dz) is a 
white noise with covariance gs{dz)ds. 

We thus consider some a-process {Zt)te[o.T] such that Ca{Zt) — gt for any t e 
[0,T] from which we build (^t)tg[o,T] solution to (|4.6p . Next we consider an a- 
process (>t)tG[o,T] such that Ca{{Yt)te[o.T]) = ^{{Zt)te[o,T]) from which we build 
(Xt)te[o.T]- Due to the previous observation, we have C{{Yt)te[o,T]) = ^{{Zt)te[Q.T]) 
and thus £{{Yt)te[o,T]) = Ca{{Yt)te[o,T])- □ 

5. Soft potentials 
This section is devoted to the proof of Theorem 13.11 We fix 7 e (—3,0), 



T > and we consider a collision kernel satisfying ( Al(^) rA2llA4|l . We consider 



{ft)te[o.T] and {gt)te[o,T] solutions of (|1.1|) and ()1.7|) respectively. 

5.1. Definition of the processes. We consider two random variables Vq and Yq 
with law fo and 50 respectively such that E[|Vb — = VV|(/o,go)- We fix a 
white noise W on [0, T] x [0, 1] with covariance measure dsda and we consider a 
process (i^t)tg[o.T] and an a-process (^t)(e[o,T] such that for any t e [0,r], £{Yt) = 
Ca{Yt) = gt, such that ((Ft)te[o,T]) = ^{{Yt)tG[o,T]) and such that ((46| is 
satisfied. For any t S [0, T], we consider an a-random variable Vt with law /( such 
that WK/tjfft) = IEa[|V"t - VtH and we consider the solution {Vt)te[o,T] to (j4?5|l 
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for some (J^t)tg[o,T]-Poisson measure N as in Proposition 14.31 We will precise later 
the dependence of N with the white noise W. We recall the equations satisfied 
by (Vt)(g[o^T] and (Yt)t(z[Q^T]i ^-nd we introduce some intermediate processes (here 
n e N* is fixed) 

pt pOO pIlT p\ 

Vt=Vo+ / / / c{Vs-,Vs{a),z,^)N{ds,dz,d^,da) 
Jo Jo Jo Jo 

-k f [ \Vs^Vs{a)p{Vs-VsH)dsda, 
Jo Jo 

pt poo /'27r /"l 

V"=V"o+/ / / / c{Yp^i^s),ypUs){a),z,(p + <^n{s,a))N{ds,dz,d(p,da) 

Jao Jo Jo Jo 

-k f f \Vs~V,{a)p{Vs-Vs{a))dsda, 
Jo Jo 

poo pin pi 

It=Vo+ / / / d(Yp^^,',,YpUs)i(^)^z,ip + <^nis,a))N{ds,dz,dip,da) 

Jao Jo Jo Jo 



t /.I 



^0 



b{Vs - Vsia))dsda, 



Jt^Vo+f f a{Yp^^,)^Yp^(^,){a))W{ds,da)+ [ f b{Vs ^ Vs{a))dsda, 

Jao Jo Jo Jo 

Yt^Yo+ f f a{Ys~Ys{a))W{ds,da)+ f f b{Ys - Y,{a))dsda, 
Jo Jo Jo Jo 

where (recall Lemma 

(5.1) $„(s,a) = MVs - V;(a),i;„(.) - ^p„ (.)(«)) 

(5.2) d{v,w,z,ip) = -G[- ^—)t{v - w,ip), 

and where ag and p„ are defined as follows. 

We consider the subdivision < Oq < ... < a^2nT\-\ ^ ^\2nT\ ~ obtained 
using Proposition IA.5I with h{s) — Jf{gs) on [0,r]. In order to lighten notation, 
we write = a". For s G [0, T], we set 

L2nTJ-l 

Pn{s)^ ^ a»lse[a.,a. + i)- 
i=0 

By construction, we have ao < l/n, l/An < a,;+i — at < 1/n, whence sup[Q \s — 
Pn{s)\ < 1/n, and 



(5.3) / Jjigp„{s))ds < 3 Jj{gs)ds + 3. 

Jao Jo 

We end this subsection with the following lemma. 

Lemma 5.1. For any v,v^ £ , we have (recall CTT]), !l4-2\) and 115.2]) ) 



pOO p2TT 

(5.4) / / \c{v,v^,z,(p)\^dzdLp = k\v-v^\'^'+^, 



JO 
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and 

(5.5) / / |c(w, u*, z, ((s) — u*, z, iy9)pc?zc?</? < / Pi(d)dQ\v — 
Jo Jq Jo 



7+2 



Proof. We have for any u, u* € R^, z G [0, oo) and (p G [0, 2tt) (recall (|2.10p . 



\c{v,V.^.,Z,(p)f 



1 — COS 



^i\v-v,\-<') 



(w - W*) - 



(l-cosG(^))' + sin2G(^) 



1 - cosGd ^-r^) 

TT ■ \V-V*\ , 



\v - v^Y 



since for any G K^, the vectors X and Y[X,ip) are orthogonal, and |r(X, (^s)! 
\X\. Using the substitution Q = G( |^_^ |^ ), we get 

oo /'27T /'7T 

/ \c{v,v^,z,(p)Ydzdip = Tr {1 -cos 9) (3{9)d9\v ~v^p+'^, 
Jo Jo 

and (|5.4p follows. Using the same arguments, we have 

\c{v, w*, z, If) — d{v, w*, z, ip)Ydzdtp 



TT flu 



COS0-1, , sin6'-0^, N , ,n 
(u — w*jH i(ti — p[9)d(pd9 



27r 



It suffices to observe that for 9 G [0, tt] 



^^ (cosg-l)^ + (sing-0)^ ^ ^4 



to conclude the proof. 



□ 



5.2. The proof. We start with a preliminary lemma. 

Lemma 5.2. ('ij There exists a constant C depending on m2(/o) and additionally 
on supggjg J^+i(/s) if ^ £ (—3, —1) SMc/i t/iat /or < t' < t < T with t — t' < 1, 



E 



<C(t-t'). 



T/ie same bound holds for E 



|Ft - Ft' 



anrf En 



\Yt - Yt, 



with C depending on 



7712(50) o-'^'d additionally on supjgjQT^] J-y+i{gs) if J G (—3,-1). 
(ii) For all t G [0,T], we have 



E 



\Vt - Vp^^t)\^ +E \Yt-Yp^(t)\'' +E„ |^'t-^;„(t)| 



C 
< — . 

77. 
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Proof. Recalling that t — pn{t) < 1/n, we observe that (ii) immediately follows 
from (i) taking t' — Pn{t). Let's prove {i). Observing that 

l*t poo 1*2-17 1*1 

Vt - Vf = 



If Jo Jo Jo 

k 



t' Jo 



c(Vs-, Vs{a), z, (p)N{ds, dz, d(p, da) 
\Vs~Vsia)p{Vs-Vsia))dsda, 



and using (|5.4p . we get 



E 



\Vt - Vf 



< 2 



E 



+ 2rE 

<2k J E 
=: A + B. 



t' Jo Jo Jo 
t 1-1 

2 ■ ■ ■ 



|c(t4,V;(a),z,^)|2 



dsdzdipda 



t' Jo 



\Vs-Vsia)p{V,-Vs{a))dsda 



ds + 2k'^E 


u 







We first deal with A. If 7 G [~2, 0), using that |ap+2 < 1 + |ap and recalling that 
E(|F,|2) = E„(|f,|2) = m2(/o), we have 
ft 



A < 4fc / E 



iail + \Vsf + \V,f] ds < 4fc(l + 2m2(/o))(t - t'), 



and if 7 6 (-3,-2), then a.s.,E„[|14~14|T+2] < l+E^[\Vs-Vs\''+^] = 1 + /r3 |V;- 
v^\'^+^fs{dv^) < 1 + J-y+iifs) (recall (HH)), so that 

A<2kJ^{l + J^+i(/,))ds < C{t - t'), 

where C depends on sup^^jQ ^.] J-y+i(/s). We now deal with B. If 7 e [—1,0), using 
first the Cauchy-Schwarz inequality and then that |ap'''+^ < 1 + |ap, we get 



B < 2k^ 



{t-t') / E„[|K-v;|2^+2]di 



< 4fc2(i _ i') / E E„[l + \Vs\^ + |V;|2] ds < 4fc2(i + 2m2(/o))(i - t'f, 



and if7G(— 3,— 1), as previously, we have 



B < 2k^ 



This finally gives 



where C depends on TO2(/o) and on sup^gjQ j,^ J^-|-i(/s). The computation of E \Yt — 
Yt'\^ is very similar and we leave it for the reader. Since (£„ (^t)t>o) = ('C(lt)t>o) , 



we have Eq 



\Yt - Ye 



\Yt - Yt- 



and that concludes the proof. 



□ 



The following lemma states as follows. 
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Lemma 5.3. There exists a constant C depending on m2(/o), "^2(50), J-yifs + 
ga)ds and additionally on supjg J^+i(/s + gs) if ^ ^ (—3,-1), such that, if t £ 



E 



\Vt-Vrf\ <C(-+ f Mfs+gp„is))(n\Vs-Ys\^]+E4\Vs-Ys\^])ds 

-' Jan 



Proof. We have 

^ao poo 1*2-11 1*1 

Vt-vr= ' 



^0 ^0 ^0 

t noo clr; /•! 



+ 



Consequently, 



ao "'0 JQ Jo 



c{Vs-, Vs{a), z, ip)N{ds, dz, dip, da) 
c{Vs-,Vsia),z,ip) 
(^{Yp^{s),yp„{s){o^),z,(p + $„(s, a)) N{ds,dz,d(p,da). 



E 



\Vt-v;^ 



< 2 



ao poo p27T pi 



Jo Jo Jo 

t poo p2tt pi 



+ 2 



ao Jo Jo Jo 



\c{Vs,V,{a),z,vt 



c(ys,Vs{a),z,ip) 



dsdzdipda 



- c(5^p„(s), >^p„(s)(a), z,ip + $„(s, a) 
So using (j5.4p and Fournier-Guerin [ 14. Lemma 2.3], we have 



dsdzdipda. 



E 



\Vt - vr? 



< c 



ao /•! 



i[\Vs - V;(a)|''+2]dsda 



"'0 

t rl 



c 



E 



ao Jo 



(i^^->;„(.)i' + |v;(a)-^;„(.)(a)p) 



(|y,-v;(a)r + |yp„(,)-yp„(,)(a)r) 



dsda. 



Since for any a; > 0, x'^+^ < C^(l + x^) if 7 e [-2,0) and E„[|Fs - V^^+^l < 
l+E„[|14-V;r+i] < 1 + /k3 |T4-«r+V.(d^^) < l + J^+i(/.) a.s. 1176 (-3,-2), 
we get (recall that oq < l/n) 

/ E[\Vs-V,ia)r+^]dsda^ E„[E[|^, - < 

Jo Jo Jo 



C 

n 



We thus have 



E 



\Vt-vr\' 



< - + c Te 

n 



C 



<- + c E[|y, -yp„(,)|^]j^(/, + .gp„(,))ds 



+ C / E^[\V, ~Yp^(^s)nMfs + gp„(,s))ds. 

J ao 
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Using first tliat E[\Vs - yp„(.)H < 2E[\Vs - ] + 2E[\Y, - Yp^(^,^\% E„[|14 - 
yp„{s)?] < 2E„[|V;-^;P]+2E„[|K,.-fp„(s)P], next LemmaOand dO]) concludes 
the proof. □ 



We next estimate V" — 



Lemma 5.4. There exists a constant C depending on T, 7, J^^ J-y(fs)ds, TO2(/o); 
^2(90) o-nd additionally on sup^Q J^-|_i(/s + gs) if j € (—3,-1) such that, if 
te[ao,T], 



E{\v; 



< c 



Proof. We have (recaU (|2.5 

f^t />00 p27T fl 



n jn 



ao JO JO 



(fc-2) 



- d{Yp^(^s),Yp^{s)ia),z, V + ^n{s, a)) N{ds, dz, dip, da) 
\Vs-Vs{a)\'<{V,^Vs{a))dsda. 
RecalUng gU and that J^0^l3{e)de ^ |, wc first observe that 

So recalling jSH), we get (recall that /J" e^P{e)de < 1) 



E[|T4"-/ri1 <2 



aoJO Jo 



E 



|c(^p„(s), yo„(s)(a), + *n(s, a)) 



-2{k - 2)^E 



d{Yp^(^s),Yp^(^s){a), z, if + 'I>„(s, a))p dsdzdipda 



\Vs^Vs{a)p+^dsda 



Jo 
t 



<c e^mdoi E E„[|r,„(,)-y,„(,)| 



7+2] 



ds 



+ E 



A\Vs-VsV+^]ds 



We conclude using the same arguments as in the proof of Lemma 15.21 (recall that 

^p„(s) ^ 5p„(s))- n 



The following lemma is the key point of the proof of Theorem 13.11 

Lemma 5.5. Assume that 7/1^+2(50) < 00 for some p > 5. We can couple the 
Poisson measure N and the white noise W in such a way that there exists a constant 
C depending on j,T, mp+2((7o)> H{go), o,nd additionally on supjQ j^] J-y+i(/s -\- gs) 
if J ^ (—3, —2) such that for any M > ^j2m2{go), any rj € (0, tt), any t G [ao, T], 

1 



nit - Jt?] < c[r,Hl'n[log'{r„) + log^{nrj') + m) + j 9^md0 + 
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It is because of this lemma that we do not have an optimal rate of convergence 
(recall that we obtain here a bound in e^^^^ for yV2{ft,gt) while we get a bound in 
e for the Kac equation, see [H]). More precisely, it is due to the fact that we need 
to partition the interval [0,T] in order to use Proposition IA.2I 



Proof. We fix 77 G (0, tt) and M > ^2m2(go) for the whole proof, which we 
divide in several steps. 

Step 1: For < u < u' and y fixed, we set 



U />00 f27T fl 



' u Jo Jo Jo 

^{\Y^ia)\<M}^ids,dz,dip,da)Y 



and 



'u Jo 



We have 



pu p 1 

Cov{i^^' (y)) = r,j / a{y-Yu{a))cr*{y^Yu{a))l^^y^^^^^^j^,j^dsda 



u Jo 



where 



1 





We thus observe that i/" (y) = J\f[0,{u' — u)(u{y))- Now in order to compute 
Cov(fj,^ (y)), we first observe that for w e (recall p.lOp ) 



27r /•2Tr 

r{v,ip)r* {v,ip)dip = / ( COS (^/(w) + sin (y5j(w)) ( cos (p/(z;)* + sin (^J(z;)*)di^ 
"'0 

= TT{i{v)i{vy + j{v)j{vy) 

= 7r(|wp/3 — vv*) — 'k\v\~'^1{v). 
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Using that G'^ {z /x)liG{z/x)<7j}dz = x 9'^(3{6)d6 = v'^'V' ^^^'^ (recall ([5 
and dm)) 

d{y, Yuia),z, ip)d* {y, z, ^)^{G{z/\y^Y^(a)\-0<v} 

'^{\Y,,{»)\<M}d(^d'^dzds 

1 pU poo n27T pi 

G\z/\y~Y^{a)p)r{y~Y^{a),v)T*{y-Y^{a),^) 

4 Ju Jo JQ Jo 

r . r"^-^ ^ 

= -l{u'-u) \y-Y^{aW T{y ~Yu(a),^)T* {y ~Y^{a),^)d^ 



u Jo Jo Jo 



n 



Jo 



^{|y„(a)|<Af}^'^ 

= {u' - u)r^ [ l{y- ^u(a))l{|y„(„)|<Af}C?a 
Jo 

= [u' - u)Cu{y)- 

Step 2: the aim of this step is to prove that 

(m' - u)r.r, 



(5.6) yVl(lii{y),K{v))) < CrjHl'il + \y\')(^lo: 

We set 



9 



M 



K^{y) := sup |C„^/^(y)rf(2/,^;(a),^;,¥')l{G(2/|y-y„(a)h)<r,}l{|Y-„(a)|<A^}l' 



where the supremum is taken over all a € [0, 1], z € [0, oo) and Lp G [0, 27r]. By Step 
1 and Proposition lA.21 we have 

(5.7) <C'«;2(2;)|C4y)|niax(l,log(^^))' 

<c\Uy)H^l{y)). 

where "0(2;) — x(l + log^ " ^" ) for any x > 0. Let's first deal with Cuiy)- Setting 
Z'*(w) = ^(w — v^,)h{v^,)dv^, for a nonnegative function h, we observe that 

C«(y) - AM,„r,f9"-(y), 

with Xm,u = Jj^3 9uiv)l{\v\<M}dv and gnA^) = '^a/,«5«(^^)1{|i)|<m} (recaU that 
C,a{Yy) — Observing that \m,u > 1 — 'm2{gu)/M'^ = 1 — ''n2{go) / M"^ , we have 
Aa/,u > 1/2 for any u e [0,T] since M > ^2to2(5o) by assumption. We thus have 



m2{gM,u) = Xm^u / ffn(w)l{|t,|<A.f}c?w < 2 / go{v)dv =: iJo, 
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and 

H{gM,u) = A^/ / g„(w)l{|„|<M} log gu{v))dv 

= Kiu / 9uiv)l{\v\<M}(^og (A^/„) + log {gu{v)))dv 

< log i^lu) + 2 / yult') log (5r„(u))lL{|„|<A/}dw 



< log(2) + 2 / gu{v)\\ogguiv)\dv 

< log(2) + 2i7(g„) + C(l + m2(5„)) 

< log(2) + 2i7(go) + C(l + 7712(50)) -^o- 

We first used that classically J^3 g{v) \ log g{v)\dv < H{g) + C(l + 7712(g)) for any 
g e 7^2 (R^) and we then used ([^ - (j^ . So using Proposition IA.31 there is c = 
c(7, £'0, Hq) such that for aU u e [0, T], all ^ G M^ 



(F-."(y)0.C>c(l + H)^|e|2 



and thus 



This gives 



{Uy)OA>cr^{i + \y\V\s.? 



J7I 



and we thus get (recall that d{y, F„(a), z, 93) = \G(^z/\y — Yu{a)y)T[y — F„(a), ip) 
and that |r(X, (^)| = |X| for any X e 



hi 2 
7/ 

( 

hi 2/1 ,|2 I 7i^2\ 



(5.8) K2(^)<^^-i^^^|y|y7l^^2 |y-f;(a)|2l^|^^(^)|<^,j 

Qe[o,i] 



<Cr-l(l + |y|)'^'772(|y|2 + Af 

We also have 



(5.9) |Cu(y)| <r, / |y-i;(a)r+2dc 
Jo 

= / \y- v\''^'^ 9u{dv) 
Jr3 



< C'^»)(|yr^^ + "^2(5«))l7e[-2,o) + Cr^J-f+2{gu)t^e{-3-2) 
<Cr„(l + |7;r+2l{^g[_2,o)}), 

where C depends on sup[g_'p] J^+i{gs) if 7 G (—3,-2) (of course, J^+2{gu) is con- 
trolled by J^+i{gu) since 7 + 1 < 7 + 2 < 0) or on 7772(30) if 7 € [—2,0). Coming 
back to (|5.7p . observing that is an increasing function of x and using (|5.8p and 
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([Ol) . we get 

l2 



(l + |t/|)'^'r;2(|y|2 + M2) 



< Cv^i + |yr+%,g[_2,o)})(i + \y\f\\y\' + A^')(i + log 

+ log'[{l + \y\f\\y\^ + M'' 
since log^(a/6) < 21og^(a) + 21og''(6). Observing that xlog'^a; < C(l + x^-^) for 

)'"'(|2/P + M^)] 

<c(i + (i + M)^-^i^i(|yP + M^)^-^). 



?2(a/6) < 21og2(a) + 21or'' 
any x > 0, we have 

(l + M)l'^l(|yp + Af^)log^ [(1 



Using that 



and 



(1 + |yr+%,,[_2,o)})(l + M)'^' < C(l + 



(1 + |yr+2l{,e[-2,o)})(l + < C(l + \y\') 

(recall that 7 e (—3, 0)), we finally get 



W| (m::' (y), K (y))) < Cry^ [(1 + |2;|3)(|y|2 + M^) (1 + log^ 

+ {l + \yf)i\y\' + M'y-' 



[u' - u)r^ 



M2(l + |y|3)(l + |y|2) l + lo, 



{u' - u)rn 



< 



+ M'{l + \yf){l + \yf) 



Step 3: recall that the white noise W is fixed. In this step we want to build the 
Poisson measure TV in order to have E[|/" — J"p] as small as possible. 

For any i G {0,..., [2nTj — 1}, we build a (J^t)tg[o,T]-Poisson measure iV*'* on 
[oi, a^+i) X [0, 00) X [0; 2tt] x [0, 1] with intensity measure dsdzdipda such that a.s. 



(5.10) w|(MS:+K>^aj,<'+ui;j 



O-i+l poo p27T pi 



E / / / / d{Ya,,Ya,ia),z,ip) 
ai Jo Jq Jo 

^{G(z/|Y'„^-y„Ja)|T)<i)}^{|Y'„jQ)|<M}^*'*(^*'^^' '^f^ 
f ai Jo ^ 

We are able to do this because Ya^ is J^a^ -measurable. We now consider a {J^t)te[o,T]- 
Poisson measure N*^^ on [0,ao) x [0,oo) x [0,27r] x [0,1] with intensity measure 
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dsdzdifda. For any [u, u'] C [0,T] and A C [0,cx))x [0, 2tt] x [0, 1], we set N*{[u, u'] x 
A) N*^^{{[u,u'] n [0,ao) x A) + ^1=^^"' N*''{{[u,u'] n [a„a.+i)) x v4) (observe 
that N* is a (J't)tg[o,T]-Poisson measure on [0,T] x [0,oo) x [0, 27r] x [0,1] with 
intensity measure dsdzdipda). 

Recalling that $„(s, a) e [0,27r), we set — $„(s, a) should be interpreted 
modulo 27r) 

V' : [u,u'] X [0,cx)) X [0,27r] x [0,1] ^ [m,m'] x [0, oo) x [0, 27r] x [0,1] 
{t, z, V?, a) h-^ (t, z,ip- $„(s, a), a). 

We consider the image N of N* by -0. Using a remark of Tanaka [26], since 
$„(s, a) = <po(^4 — Vs{a), yo„(s) — Fp^(5-)(a)) is predictable, we get that N is also a 
(J"t)tg[o_T]-Poisson measure on [0, T] x [0, oo) x [0, 27r] x [0, 1] with intensity measure 
dsdzdipda. 

Step 4: we set 



t />oo /'27r /"l 



laoJO Jo Jo 
Ir 



A = E I I I I diYp^^s),Yp^{s){a),z,ip + ^n{s,a)) 

-V^l I '^{Yp,.{s)-Yp„{s){a))^{iY^ {c,)\<M}W{ds,da) 

J ao Jo ^ 

The aim of this step is to show that 

(5.11) A < CT]^M^n(^log^{rr,) + log^(nr/2) + 



M 



where C depends on 7, T, 7717(30) and additionally on supjo^T] if 7 G 

(—3,-2). By construction of iV, we have 



^ = E 



d{Yp^{s)iypr,{s){a),z,Lp) 



laa Jo Jo Jo 
t 

i-t pi 



ao Jo 



and setting for any < m < u' < T and y £ R'^, 



u poo p2'K pi 



K iy) 



u Jo Jo Jo 



d{y, Yu{a),Z, '^)l{G(2/|y-Y-„(a)r)<^} 

'^{\Y^ia)\<M}^*id'S, dz, d(p, da), 
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we have 



L2nTJ-l 



a<e[\ y1 (x:r(yaj 



ai Jo 
[2nrj-l 

i=0 



<j{Ya, - ya.(a))l{|Y'^j„)|<M}VF(ds,da) 

since for t ^ j, (%,_,^^^), W^|[a.,a,+i)) and (iV|*[^^,,^^^), W^|K,a,+i)) are indepen- 
dent, which gives 



E 



at JO 



0. 



First taking the conditional expectation with respect to J-'a^ for each term of the 
sum, and then using (|5.10p and (|5.6p . we have 



L2nTJ-l 

^< E IE 

i=0 



E 



L2nTJ--l 



i=0 

L2nTJ-l 



2 /Maj+i-aj) - 



< 



CTy^M^n^log^ (^) + Af) < C772Af2n(log^(r^) + log^ {nr]^) + m) , 



where we used that l/4rt < a^+i — a.^ < l/n by construction (rccaU Proposition 
rO) and that E[|ya,r] < ^7717(50). 

Step 5 : we finally compute E[|/t" - JJ"]^]. We have 

r'i /'oo /'2'7r /•! 



lao Jo Jo Jo 
ft 1-1 



'^iYp„{s),Yp^i^s){a), z,ip + $„(s, a))N{ds, dz, dip, da) 
'^{Yp„(s) - Yp^is)ia))W{ds,da). 



I ao Jo 

This gives £[1/^" - Jt"^] <A{A + B + D) with 
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and 



t coo cItt c\ 



ao ^0 "'0 "'0 



l{G(2/|yp„(,)-y-p„(,)(a)|-')>r,}u{|y^„(,)(a)|>Af}^(^^'S.'^^'C^¥',C^a) 



t /.I 



lao Jo 
^3 



Using that <^'fe(>^P„(.) - ^P„(.)(«)) - 2|r,„(,) - (recall gJD), 

(5.12) 



a)) 



<2(V^-1)^ 



7+2 



dsda 



+ / J7+2(5p„(s))c^sl{7e(-3,-2)}) 



< ct / e'^(3{e)de, 



{7e[-2,o)} 



where C depends on m2{go) and on sup[g J-y+2{gs) if 7 G (—3,-2) (which is 
controlled by sup^o^T] ^^7+1 (5s))- We used that — 1| < C|r^ — 1| and that 

r„ - 1 = -f ^ e^P{e)de by (Ell). We removed the square of ^ e^l3{e)de because 
it will appear without square in the computation of D. Using first that \a — 6p < 
2|ap + 2|6p, and then the substitution 9 = G{z/\Yp^^s) - yo„(s)(a)r) for which 
dz = |i^p„(s) — Fp„(s)(a)|'''/3(6')d0 (recall (|5.2p ) for the Poisson integral, we get 



t /.TT /.I 



D<C 



lao Jo Jo 
ft /•! 



'mnYp^^s) - ^p„(.)(«)r+ii{«>,}u{in„(.,(-)i>M} 



, dadOds 



+ C 



E[|5^p„(.) - >;„(.)(«)r+']i{if,„,.,Mi>A/} 



If 7 e [-2, 0), we have 



1 dads. 



D<Cl e'mdO [l+nypAs)\]+^cA\Yp^(s)V])ds 

Jaa ^ 



+ c 



< Ct I e^i5{e)de + c 
ct 



i + E[|yp„(.)l1 + |rp„(.)(a)|^ji{i^^^^^^(„)i>,,j 
* i + E„[|f,„(,)n + E„[|y,„(,)|2+f] 



ds 



MP 



(5.13) < Ct / e'i3{e)de + 



MP' 
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where C depends on mp+2{go)- If 7 G (—3, —2) 
(5.14) 



<c / e'mde / j^+2(5p„(s))ds + 

J rj ^ ao 

<ct e^p(0)d0 + —, 



c 

MP 



J-(+2i9p„{s))ds 



where C depends on TOp(go) and on supjg J^+i((7s). It suffices to use (|5.1ip . 
(11131) and ([ETi)) to conclude. ' □ 



We finally state the last lemma needed to conclude the proof of Theorem 13.11 

Lemma 5.6. There exists a constant C depending on 7, T, Jq J-yifs + gs)ds, 
7712(50) '^i^d additionnally on supjQ J^+i(5s) if ^ ^ (—3,-1) such that, if t ^ 



V n 



(E[|y, - + E,[|V; - Ys\''])jy{fs+gs)ds 



Proof. We have 



aa (-1 



"'0 



a{Ys -Ys{a))W{ds,da) 



ft fl ^ 



<^{YpAs) -Yp^(s){a)) - o{Ys -Ys{a)) W{ds,da) 



Jo 



b{Vs-Vs{a)) ~h{Y,-Ys{a)) 



dsda. 



Using Ito's formula and taking expectations, we get 

rao /"l - 3 



dsda 



E[\Jr-Y,\^]=E[\Vo~Yof]+ r f E\Y,af,iYs-Ua)) 

+ r r EE[(a..(y,„(3)-y,„(,)(a)) 

s 2-, 

- (Jik {Ys ~ Ys {a))j dsda 
{b{Vs - Ua)) ~ b{Y, - Ua))).[j: - 

/■ao /"l 

=:E[|l/o-i"o|'] + 2 / / E[|i;-n(a)r+2]dsda + A + B, 
Jo Jo 

since Y^Xk^i <^\iYs - Y,{a)) = 2|y, - Y,{a)\^+^ (recaU (gj])). Using that |ap+2 < 
1 + lap if 7 e [-2,0) (recall also that E(|K,|2) = Ec,(|i;p) = m2(go)) and that 



+ 2 



dsda 
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E[m < J^+2{gs) < 1 + Jj+iigs) if 7e (-3, -2), we have (recall that 
ao < l/n) 



/ / E[\Ys~Ys{a)\''+^]dsda<-. 
Jo Jo 

Usmg Fournier-Guerin [15l Remark 2.2], we get 



A<C 



E 



ao Jo 



\Yp^is) -Y,+ YsH - i;„(.)(a)P(|y,„(,) - Fp„(.)(a)r 



+ \Y,-Ysia)p 

<c f (E[|rp„(,)-n|2] +E4|y;-fp„(,)|2])j^(g^„(3) + g,)ds 

Jao 

<-( [ M9s)ds + l), 
1^ ^ Jo ' 

(recall Lemma Wf2\ and (|5.3p ) and 

|i4 - n + Y;(a) - v;(a)|(|i4 - v;(a)r 

+ \Y,~%{a)y)\j:-Y,\ 
- + I - n|2)E„[|y, - V;(a)r + in - Y,{cc)\ 



dsda 



B <C 



E 



Jo 



< C / E 



dsda 
ds 



C / Ec. 



< 



|v; - y;pE[|i/, - v;(a)r + |n - i;(a)n 
c (E[|t4-y,|2] +E[|j;-y,|2] +e„[|p; -y;|2]) j^(/, + 

We thus get 

E[|Jr-r,|2] <E[|T/o->op] + - 

n 

and we conclude by Gronwall's lemma. □ 
We can now prove Theorem 13. II 

Proof of Theorem 13.11 We couple the Poisson measure N and the white noise 
as in Lemma EH RecaU that E„[|l7^ -F.p] =>V|(/s,gs) <¥.[\V,-Ys\^] =: u{s) 
and E[|Vb - yoP] = W|(/o,.9o)- We first observe that if t < ao, 

u{t) < 4E[\Vt - Vo\^] + m\Vo - Yo\^] + m\Yt ~ >o|'] < c(n\Vo - Yo\^] + ao 



<c{wl{fo,9o) + l), 
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by Lemma [5.21 and the result is proved when t < qq. Usmg Lemmas 15. 3[ 15.41 15. 5[ 
15.61 and (|5.3p . we have, for t e [ao, T], 



+ C ( 0'^(3{9)d9 
Jo 

+ c(E[|Fo-yo|'] + ^+ / {n\Vs~Ys\'']+^c.[\Vs~%?])JMs+9s)ds^ 



n 

<c(wUfo,go)+ [ Mfs + 9s + gp„is)Ms>ao}Hs)ds + 1'^ e^mdo 



- + r]^M^n(\og^{rr,) + log^inr]^) + m) + f 0^l3{9)d9 + -i 

Tl \ / /on iVi 



for all n G N* , ?7 € (0, tt) and M > y/ 2to2 {go ) ■ Using the generalized Gronwall 
Lemma and (j5.3p . we get 

u{t) < c(w|(/o,5o) + e^mde + ^ + r;2M2n(log2(r^) + \og\nif) + m) 

9^p{e)de + — ^ 



MP/ 

This concludes the proof since yV|(/t, gt) < E[\Vt - Ytp] = □ 

6. The Coulomb Case 

This section is devoted to the proof of Theorem 11.21 We thus assume (IAC[) and 
consider fo € 'Pp(M^) n L°°{R^) for some p>7. By Theorems and (in), we 
can consider T > and {ft)te[o.T]^ (fft)te[o.T] solutions to (jl.ip and (|1.7p respec- 
tively, both starting from fo and lying in L°°([0, T], L°°(R3)) n L°°([0, T], "PalR^)) 
(uniformly in e for f) with .g which additionally lies in L°°{[0,T],rp{R^)). 

6.1. Some preliminary results. The main difficulty of the Coulomb case is the 
fact that /|^|^]^ is not finite. We will use the following lemma stated in the 

paper of Fournier [171 Lemma 4] in order to deal with this difficulty. 

Lemma 6.1. Let a G (—3,0]. There is a constant Ca such that for all h e 
V{R^)nL°°{R^), allee (0,1], 

sup / \v-v,\"h{v,)dv,<l + Ca\\h\\oo, 

\v — v^.\°'h{v)h{v^)dvdv^ < 1 + Cq||/i||oo, 

sup / \w-v4"'h{v^)dv^ <Ca\\h\\^e^+°'. 

v,weR^ J\v-v-_,\<e 
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There is a constant C such that for all h G ViR^) n L°°(R^), all e G (0, 1] 



sup / |w — w*| ft,(w*)dt)* < 1 + C||/i||oo log(l/e). 

v<£R3 J\v-v,\>e 

We will need to use a generalisation of the Gronwall Lemma. To this aim, we 
consider the increasing continuous function tp : [0,oo) — R+ defined by 

(6.1) V(a;) = a;(l - l^<ilog2;). 

Setting ■— x{l — log a;)la;g [0,1/2] + (a;log2 + l/2)l2.>i/2, we observe that 

tp{x)/2 < ip{x) < 2ip{x) for any a; > 0. Since the function -0 : R+ — is 
concave increasing, this last observation will almost allow us to apply the Jensen 
inequality to the function tjj. 

As mentioned before, we only need the parameter h^ in order to have easily 
existence and uniqueness of solutions of In order to point out that we do not 

need this cutoff parameter in quite all calculus, we consider (recall (|2.3p and (|2.10p ) 

(6.2) Ctiv, w*, 2, (p) = a{v, v^,Ge{z/\v -v^\~^),ip), 
and 

(6.3) Ch,.eiv,v*,z,(p) = a{v,v*,Geiz/{\v - w*| + h^y^),ip). 
Lemma 6.2. (i) For any v,v^, G M.^ , 

00 p27r 

\c^{v, u*, z, (p)\'^dzdLp = kf\v — v^\~^, 



where 

(6.4) k,=Tr[ {1- cos 0)f3,{e)d0. 

Jo 

We also have <2. 
(a) For any G M.^ , 

I l(c/i,,e - c^){v ,v^^ , z , ip)\'^ dzdip < Che\v - 
Jo 

(Hi) For any v, w*, u, G K.'"^, 



Ce(w, W*, Z, Lp) — Ce{v, V^., Z,(p + (po{v — V^,,V — ii^,)) dzdif 

< Cmin {Iw — + jw — 

{\v ~ if + \v, - \^){\v - V, + \i-v, |-3) 

log i J 

Proof. We easily get the first part of Point [i] from (|5.4p . The fact that fee < 2 
comes from (jl.Sp . just observing that 1 — cos 6* < 9^/2. 
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We now prove (m). Recalling (|2.10|) and using that for any X e M"^, the vectors 
X and r(X, If) are orthogonal, and |r(X, (^)| — \X\, we have 

\{Ch,,e - Ce){v,V^,Z,Lp)\'^ 



1 

+ 2 

1 

' 4 



1 — cos G, 

sin Gf 
cos Gc ^ 



z 

{\v~v^,\ + h,y 



sin G, 



COS Gef^ ^-rrr) 



1 

< - 
- 2 



0.( i 



-3 



-G, 



u — w* I + /l, 



since (cos 6* — cos 6'')'' + (sin0 — sin 6*')^ < 2{9 — O'f, which gives 
|(c/i,,c - Ce){v, u*, z, ip)\'^dzdip 



G, 



< Tr\v — p 

I |2 /'Ul^' 



< 



{\v-v,\ + h,) 

{i\v - v,\ + K)-^ - \v - v,\-^) 

{\v — v^\ + hf)^^ + \v — v^\~ 

\v-v^\-^ \v-vj~^ 
- — log- 



dz 



log 7 {\v-v*\ + he)-^ 

by (lASp . Now using that for any x,h > 0, 

2 {{x + - x~^f _ 2 (x3 - (x + hff {x + h)^x' 



{x + h)-^ + x- 



{x + hYx^ x^ + {x + 
/i2(32;2 + 3x/i + /i2)2 



x{x + /i)3(a;3 + {x + hY) 
< C- 



h h{x^ + x^h^ + h^) 



x"^ {x + hY 



and 



we get 



x ^ loa 



'g(;^^<3--^iog(i + ^)<3/.. 



n27r 



\{ch,.e - Ce){v,v^,z,ip)\'^dzdip < C ( + 7-^)|w- w*| 

V log - / 
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We finally prove (in). First, by Point (i), we have 



Jo 



dzdip 



Ce(u,U*, Z, if + ipo{v - V^,V - V^)) 



^0 



dzdip 



with fee < 2 and we thus get the first bound in the min. For the second bound, we 

2 

set A 



Ce(w, V^.,Z, (fi) — Ce{v , , Z, Iy9 + (^o — — "5* )) 

of Fournier-Guerin [Mj Lemma 2.3], we get 



. Looking at the proof 



A < C 



+ mind. - v.W \v - f,R|G.(p-i-p) - G.(^-|p) 

Using the substitution 6 = Ge{z/^{\v — v-^\)) oi 6 ^ Ge{z/^{\v — v^^\)), we have 



= 27r 



(^'(|„_l^|-3)+Ge(|~_!^|_3)) 



^ + It; - uJ ^ 



dzdip 
%{\v — 



^ + 15 ~ wJ ^ 



We set a = — z;*! and b = \v — v^.\. Using (|A5p (observe that log ^fi^^f^ 
|logx| + |logy|), we get 

^•00 /'27r , ^ , ^ ^ 2 

dzdip 



< 



< Cmm{a,bf 



{a- 



-3\2 



1 



-3 + log 
C 



-max(a )[|loga 3| + |log6 



< C(a - 6)2(a-3 + 5-3) + ^^^^(a, b)-^[\ log a\ + \ log b\] 

log 7 

< C(a - 6)2(a-3 + 6-3) + -^[^-^ + 5-2 + + 6^]^ 

log 7 

where we used that 

min a,6f ^ -3^.-3 < 9 min a, 6f a ~ 6f -3 ' /-3 

< 9{a - bf min(a, b)-^ < 9(a - b)^{a-^ + b'^), 
and that (observe that | loga| < a^^ + a) 

min(a, 6)-i [| log a| + | log b\] < i [fl-i + fo-i]^ + 1 [| log a\ + \ log 61]^ 



We thus have 

poo p2-K 



"'0 



< C(a-' +6"" + 0" + 6'). 

Adzdip <C\{v - w*) - (w - w*)^^!^ - w*r^ - |-D - v*\^^^ 
C 



log 7 



w-i;*! 2 + |C-wJ 2 + Iw - + |w - vJ^l 



which concludes the proof. 



□ 
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6.2. Definition of the processes. We consider a random variable Vq with law 
/o. We fix a white noise W on [0,T] x [0, 1] with covariance measure dsda and we 
consider a process (yt)tg[o,T] ^tnd an a-process (^Otelo.T] such that for any t G [0, T], 
CiYt) = Ca^iYt) = gt, such that ((yt)te[o,T]) = 'C((Ft)tG[o,T]) and such that (glD 
is satisfied with 7 = — 3 (see Proposition I4.4|) . For any t G [0,r], we consider an 
a-random variable with law /j such that W|(/t'^,5t) = Eq[|V^' — Itp] and we 
consider the solution (V/)tg[o,T] to (|4.5p (with $(|w — = (|w — w*| + for 
some (J't)(g[o,T]-Poisson measure TV as in Proposition 14.31 We will precise later 
the dependence of N with the white noise W. We recall the equations satisfied 
by (V'/)tg[o,T] and (i^t)te[o,T] 7 and wc introduce some intermediate processes (here 
n e N* is fixed) 

Vt'=Vo+ / / / Ch^.AVs-:Kic^):^:V)N{ds,dz,d^,da) 

Jo Jo Jo Jo 

-K f C 
Jo Jo 

nt pOO p27T pi 

Wt'=Vo+ / / / c,{V,'_,V:{a),z,ip)N{ds,dz,d^,da) 



{\V: - V:ia)\ + \v: - V:{a))dsda 



JO JO Jo 
t rl 



-K / \V: - V:{a)\~^ (y/ - V^{a))dsda, 
Jo Jo 

pt poo pill pi 

V'"''=Vb+/ / / / C£(i^p„(s),i^p„(s)(a),^,'^ + *n(s,Q;))iV(ds,dz,d.^,da) 



10 Jo Jo JO 

-kef I \V! - y/(a)|-3 {V! - V:ia))dsda, 
Jo Jo 

pt poo p27r pi 

^0+ / / / de{Yp^i^s),yp„{s){a),z,(p + ^nis,a))N{ds,dz,d(p,da) 

Jo Jo Jo Jo 

t rl 



"'0 

t nl 



Jo 
t l-l 



"'0 



^(K' - V^{a))dsda, 
Jt'" ^Vo + I <T(y,„(,) - f,„(,)(a))W^(ds,da) 

b{^s - Kio^))dsda, 

t pi pt pi 

Yt^Vo+ I / a{Y,~Ys{a))W{ds,da)+ / b{Ys - Ys{a))dsda, 
Jo Jo Jo Jo 

where (recall Lemma |4^ 

(6.5) a>„(s,«) - !//(«), rp„(,) - f,„(,)(a)), 

and c?e is defined by replacing 7 by —3 and G by Gg in (|5.2p . Recall that b{v) = 
— 2|i;|~'^t; and that is defined in (j6.4|) . Finally, p„ is defined as follows. 

We consider some subdivision = Oq < ... < a[2„Tj-i ^ '^f2nTj = [O'^l 
such that l/4n < a'i_^_i — a" < 1/n. In order to lighten notation, we write o; — a". 
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For s G [0,T], we set 



L2riTJ-l 
i=0 

Observe that by construction, we have sup[g t] k — Pn(s)| < l/'^- 

6.3. The proof. The ideas wiU be the same as for Theorem 13.11 The proofs will 
thus be very similar to those used for Lemmas 15.21 15. 3[ 15.41 15.51 and 15.61 So instead 
of rewriting all the proofs, we will only point out the modifications that we have to 
handle. 

We start by a lemma where we compute the error due to the parameter /ij in 
the collision kernel. Observe that after this lemma, we will use a collision kernel 
which corresponds to the real Coulomb case (without the parameter h^) for our 
computations. Furthermore, the errors that we will get after this lemma will not 
depend on h^. This confirms the fact that the parameter /i^ is not useful to get 
a rate of convergence for the grazing collisions limit for the Coulomb potential. 
Here again, we recall that we only introduce this parameter in order to get easily 
existence and uniqueness of ift)telo,T] (and of the process (V^'^)tg[o,T])- 

Lemma 6.3. There exists a constant C depending on sup[Q ||/s||oo such that for 
any t G [0, T], any e G (0, 1), 

n\vf-wf?\ <chf''. 



Proof. We have 



t poo p27T 



^0 ^0 

Jo Jo 



Using Ito's formula and taking expectations, we thus get 

(^t poo p2-K /•! 



ich„e - Ce) (v/, ^/(a), z, if^ N{ds, dz, dip, da) 

[{\V:~V:ia)\+Ky' 
- \V: - V:{a)\-') {V: - V!{a))dsda. 



E[|y/ 



E 



Jo Jo Jo 

2ke I / E 

Jo Jo 



dsdzdipda 



{{\V: - V:{a)\ + K)-' - \V: - V^iaT^) 



{v:-v:{a)).{v: 



dsda 



=:A + B. 
Using Point (ii) of Lemma |6^ we get 



A < Ch, 



^cW! -V!{a)\-^] ds<CK / {l + \\fs\\oo)ds, 
J Jo 



GRAZING COLLISION LIMIT OF BOLTZMANN'S EQUATION 



39 



by Lemma [63] For _B, we first observe that for any x,h,y > 

{x~^ - {x + h)~^)xy < ty>ix~^xy + ly<x{x'^ - {x + h)~^))x'^ 



+ ^y2<x<y<lX '^y'^ +tx<y^<lX ^. 



We thus get (recaU that fcg < 2) 



B <C 



E 



E„[l| 



v;-W: 



\>i\v!-wi\'\v!-v. 



+ 1 
+ 1 



\v^-wi\<\v;--v^\ 



\<i\v:-wt\^\v:-v. 



+ 1 



|v/-v/|<|y/-H'||2<i 



\v:-v:\'^] 



ds. 



Usmg that Ca{Vg) — fl and Lemma I6TT1 we have 



B <C 



E 



{i + \\n\\oo)\v!-wi\' + {i + \\n\u)K 
+ m\oo\v:-wt^^'^ 



ds 



<c (i + ii/iiu)E \v:-w:\^ + h,+i^{\v:-w:\^) 



ds, 



where ip was defined in (j6.ip . Using that x < ip{x) for any a; > and the approxi- 
mate Jensen inequahty (recall the paragraph just after (|6.ip ). we thus get 

E[|F/ - PF,f ] <CK+C f - Wt\'])ds, 

Jo 

where C depends on sup[o t] 1 1 /I I loo- The conclusion follows by Lemma I A. 41 □ 

Lemma 6.4. (i) There exists a constant C depending on sup^gjo t] II/|||oo aJ^c? on 
TO2(/o) such that forO<t'<t<T with t~t' <1, for any e € (0, 1), 



E 



\v:-v:,\' <c{t-t'). 



The same hound holds for E \Yt — Yf 

1^2(90) and on sup^^j.^ HSslU- 
(ii) For all t G [0,T], we have 



and Eq, 



\Yt — p with C depending on 



E 



\Vt'-V,_ 



E 



\Yt - Y^ '2 



\Yt-Yp^it) 



C 

< — . 

n 



Proof. Since t — Pnit) < (ii) immediately follows from (i). To prove (i) 
(for example for (V/)fg[o,T]), we follow the line of the proof of Lemma \5l2\ and we 
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get (observe that {a + h) < a 



E 



< 2k 
+ 2k 



ds 



E^[\v:~v:nd^ 



< 2K J\l + mUds + 2kl ( 1 V + 11/,^ I U)rfs) ' 

< Cit-t'), 



by Lemma 16.11 and we conclude the proof as for Lemma 15.2 



□ 



Lemma 6.5. There exists a constant C depending on supggjgyj + 5s||oo o,nd 
on TO2(/o) such that, for any n > 2, e € (0, 1) and t G [0,T] 



log7 Jo ^ 



Proof. Observing that 



t /'Oo /'27r fl 



c,(F/_,F/(a),z,^) 

/o Jo Ja Jo 

Ce(Yp„is),Yp^(^s)ia),z,ip + <I>„(s, a)) N{ds,dz,dip,da), 



we have 



/ := E 



t /'OO /'27T />! 



Jo Jo Jo 



E 



dsdzdifda. 



We set 



(5 = 



/•oo /'27r 



/O ^0 



dzdif. 
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Setting as IK^ - rp„(.) | + IK^H - l'p„(.) (a)|, |y/-V;'(«)|, 
Fp^(s)(a)| and using Lemma 1121 we get 



S<Cla^>i{v-' + y-') 

log 7 

IK'(«) - yp.(s){a)f(v-^ + y-') + Y^K' + + vl + yl] 



We thus have / < X]J=i where /j = E[5j]dsrfQ;. Using that ta^>i < a^, we 
have 



h < 



^0 



IK' - YpAs}\ + iK'(«) - ^'p„(s)(«)ij [\v: ~ KHr' 



dsda 



< 2 



iy/ - fp„(,)pE[iK' - v:\-' + |i;„(,) - f,„(,)ri 



< C y (E 



IK' - K>„wl'] + [iK' - K>„(.)l']) (i + IIMU + ll5p„(.)||oo)ds, 



by Lemma |6. II We thus get, using the triangular inequahty and Lemma 



(6.6) 



h<C I ( i + E 



IK'-ni 



IK' - Ys 



ds, 
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where C depends on sup^grp 7-1 ||/| + (?s||oo- Using Lemma [631 we have 



/2 < / E 



IK' ->"p„(s)Pl|v/-yp„(,)|<i 



+ 



C 
log 7 



E 



ds 



< / E 



c^ll/l + ffp„(.)llooiog|F/-rp„(,)|- 



(is 



c 



+ ^ r / (l + ll/l+5p„(.)lloo+m2(/o))ds. 

log 7 Jo 

RecaUing (I6.ip and using the (approximate) Jensen inequahty for the function -0, 
the fact that '4>{a + 6) < ■(/'(o) + V'(^) a-nd that the function -0 is increasing, and the 
Lemma we get 



(6.7) 



h<C E 



< 



^(IK'-^P„(.)I') 



C 
log 7 



c f (^(£) + 0(E[|y/ 



Yy])]ds 



c 



<c f (l^ + ^(E[|F/-y,p]))cis + -^, 

Jo ^ n / logi 

where C depends on sup^gjo.T] 1 1 /I + 5s||oo- Using the same ideas, we also have 



(6.8) 



l3<C 



\ogn 



log] 



We now deal with I4. 

h < 







Using Lemma l6.H we first observe that 



ds. 



E„ 



^1 [v/-i'/|<|v;-yp„(,,|2| 



el-l 



<Cl|y^._y^^,^,|<l||/.|U|F/->'p„(.)|' 
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Next, using the Holder inequality with p = 3 and q = 3/2, and then Lemma 16. ![ 
we get 



[v/-v'/|<|y/-yp„(,)|2 



< (c||/.1|oo|K^-i;„(,)|6)'(l + C||gp„(,)|U)^ 

<c^(i + ll/l + 5p.(.)lloo)IK^-rp„(.)r 



We thus have 
(6.9) h<C 



Jo Jo ' 



by Lemma [631 With the same arguments. 



(6.10) 
and 
(6.11) 



Ie + l7<C 



v:~Ys\'])ds 



It suffices to use (EH), dUIl), (EH), (EH, (|O0)) . (l6lT|) and to observe that x <tl;{x) 
for any a; > to conclude the proof. □ 

Lemma 6.6. There exists a constant C depending on sup^^jQ^] ||/| + gs||oo and 
on T such that for any n > 2, e G (0, 1) and t £ [0, T], 

]E[|yt"" - It""?] < c r e^pMde. 

Jo 

Proof. As in the proof of Lemma 15. 4[ we have 



E[|i4"'^-/,"'^|2] <c r e^p,{e)de(^ f e[e„[| 



ds 



E 



< 



^a[\v:-v:\-^]ds 

c e^p,{e)dd[ + ||5p„(.)||oo)ds 

V + ll/ll|oo)ds'' 



■E 



< C / e''(3,i9)d9, 



by Lemma |6. II 



□ 



The following lemma states as follows. 

Lemma 6.7. Assume that mp^2ifo) < c» for some p > 5. We can couple the 
Poisson measure N and the white noise W in such a way that there exists a constant 



44 



DAVID GODINHO 



1 1 

MP 



C depending on T, mp+2(/o); H{fo), and sup^^jQ ||/| +gs||oo such that for any 
M > v/2m2(/o), V G [e,7r], n > 2 and t e [0,T], 

^j|^„,e_^n,.|2j < C'[7y2M2n(log2(r„) + log2(n772) + M) + 
where 

Proof. It suffices to follow the line of the proof of Lemma 15. 5[ recalling that 

n\Yp„is) - Yp^is)\-'] < (1 + C||5p„(.)||oo) < C, 
by Lemma l6.1l □ 



We now give the last lemma needed to prove Theorem 11.21 

Lemma 6.8. There exists a constant C depending on sup^gjgyj ||/| +5s||oo cind 
on T such that for any n > 2, e G (0, 1) and t e [0, T], 



n 







+ m[\Js''~YMds. 



Proof. The Ito formula gives 



n.e _Y,\^]= 



E 

t rl 



dsda 



E 



'0 JO 

A + B. 



[b{v: - v:{a)) ~ b{Y, - n(a))) .( jr - n) 



dsda 



Using Fournier [T71 Lemma 6] , we get 



A<2 I Ea 







nHYp,,is) - Y,^is)) - <j{Yp,,(s) - Ys)? 



ds 



E 







Ea[k(i"p„(s)-^;)-'T(y.-y;)p] 



ds 



ds 



+ C / (1 + ||5,|U)E ^(|yp„(s)"K,r) 



ds 



< C / ijiC/n)ds 
Jo 



where we used the (approximate) Jensen inequality for tp, Lemma 16.41 and the fact 



that ip is increasing (recall (|6.ip ). For B, we first set R = 



-y/(a))-6(n- 
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n(a))J.(Jr - Ys)\ and = {jj^ - Y,\ > |y/ - Y^l + \V,'{a) - y,(a)|}. Using 
jl7i Lemma 3], we have 

R < tE^MV: - Ys\ + \Vl{a) - Ys{a)\)\h{Vl - - h{Y, - n(a))| 

+ |i;-n(a)r2) 

=:±R,. 

We thus have B < where Bi := /J E[Eq [i?^]] ds. Using (T7l Lemma 7], we 

get 



Bi<C 



(1 + ll/l +5s||oo)(V'(E[|F/ - np]) + ^(E„[|l// - np]) 
For i?2, we easily get by Lemma [6. 11 

B2<c fnjr - YsWi + m\oo + iiff.iioo)^^. 

Jo 



Using Lemma |6.1[ we have 



B. < C 



+ ^\Y,-Ys\>\J"-'-Y,\'^\Ys ~ Ys\ 



ds 



< C / E 



- >^.|'l|J--n|<l(l + (ll/.lloo + ll5.||oo)l0g^^p-^) 



ds. 



Recalling (|6.ip . observing that log(a;'') = 21og(a;^) and using the (approximate) 
Jensen inequality for ip, we get 

B3<C f V(E[|Jr-n|'])ds. 

^0 

We also have by Lemma ISTTl 



B4<C / ll/lllooE |Jr-n|'l|jr=-y.|<i 



+ C / E 



ds. 
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Using first the Holder inequality with p = 5 and q — 5/4, and then Lemma l6TT| we 
get 

IEQ[l|y£_yt|<| j'^.^.y ujKj — Ys\ ^] 



\Vs-V,'\<\Js''-Ys\-^ 



]^E4\Ys-Ys\^p 



We thus get 



Ba<C e 



<{cm\oo\jr-ys\'^)Hi + c\\gs\\oo)-^ 

<C{l+\\n + gA\oo)\Jr-Ys\'^. 



ds 



<c [\[\j:^'-Ys\'']ds. 

Jo 

We have the same bound for Bc^ and thus (recalling that x < ip{x) for any a; > 0) 

B < cj^ (^(E[|K,^ + ^(E„[|v;' - + v.(E[|jr - Y,\']))ds, 

which concludes the proof. □ 
6.4. Proof of Theorem \TM We set u{t) := E[|V/ - Ytp] and v{t) := E[|V'/ - 

w,^\^]+Em ~ vr\']+E[\vr-ir\']+mr - jr\']+n\jr - Yn we 

have u{t) < Cv{t) and using Lemmas l6.3i 16. 5[ |6.6[ 16.71 and I6.8[ we get 

v{t) <Chf'' ^ 



C 



logn 



+ V(E[|y/-y.n) + ^(E„[|v'/-f.p]) 



+ c / e^(i,{0)de 

Jo 

r]^M^n(^\og^{r,j) + log^(nry2) + + f e^l3,{e)d0 



+ C 



+ 



1 1 

MP 



+ mil Js^'-Ys\']))ds. 

Since E[\J^'' - F.p] < v{s) and u{s) < Cv{s) for any s £ (0,T], using that 
the function tp (recall (|6.ip ') is increasing, we get (recall that Eq[|V^/ — Kjp] = 
WKfl,gs)<u{s) for anysS [0,T]) 

vit) <chf'' + + + c f e^(i,{e)de + c f 

1^ log - 7n Jn 



+ c 



r]^M^n(^log\rr,) + log^(V) + A/) + f 9^P,{0)d0 + 



MP 



2p _ 

Setting, for e G (0, 1) fixed, ,^ = n « ( log i) , M = v/2m2(/o) ( log i) '"^^ 

and observing that O^^MdO < j^, 9^Me)de < ^^g?^, lim.^or^ = 1 
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(whence log^ is bounded for e G (0, 1)) and 



M 



we get 



< ^^^(l + log2(logi) + (logi)^''+0 < 

(logi)=p+3 ^ e e / (iogi)2p+3 



2p + 3 log - / , \ 2p+3 



l^gi|-- (log! 
Clog logi 



loe 



C / ij{v{s))ds 



" 2p + 3 



(logi)^ 



By Lemma [X4l if e is small enough (such that Ch^ H ^ 2p-i < 1) we finally 



have 



for some a > 0. This concludes the proof since W^ifl, gt) < - Fsp] = u{t) < 

Cv{t) and since for e greater, we have W|(/(,(;t) < 2to2(/o)- O 

Appendix A. Appendix 

A.l. Distance between a compensated Poisson integral and a Gaussian 
variable. Wc first recall a result of Zaitscv [32 . For t > and d e N, let Ad{T) 
be the class of probability distributions F on M'* for which the function ip{z) = 
log /jjrf e^-'^F{dx) is analytic on {z G C*, \z\t < 1} and |c?„d^</j(z)| < |u|tDi;.w for 
all u,v ^Mf^ and \z\t < 1, where D is the covariance matrix of F, and du^p is the 
derivative of ip in the direction u. 

Theorem A.l. (Zaitsev [32l Theorem 2]) Suppose that r > 1 and that ^i,...,^„ 
are independent random vectors with distributions C{S,k) G Adir), lE(^fe) — 0, 
Cof(^fe) = Id, k = 1, ...,n. Then one can build on some probability space a family of 
independent random vectors Xi, A„ such that C{Xk) — £^{S,k) for any k — 1, 
and a family of independent random vectors Yi, ~ A/'(0, Id) such that 



E 

where 



exp J < cxp ^^Omax(l,logn/T )j, 

k k 

A„(A,r)= max IVa, -VyJ 



' I I ! 



and a, b are positive quantities depending only on d. 
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Using this result, we estimate the distance between a compensated Poisson in- 
tegral and a Gaussian variable. 

Proposition A. 2. Let A he a measurable space endowed with a non negative a- 
finite measure v and N be a Poisson measure on [0, oo) x A with intensity measure 
dtv[dz). We consider h : A "MJ^ and we set Zf = J^* h(z)N{ds, dz), /ij ~ 'C(Zt) 
andV — j^h{z)h*{z)v{dz). // k := max^g^ |r^-'^/^ft,(z)| £ (0, oo), then 

t 



= (A*t,AA(0,ir)) < CK2|r|[max(l,log — 



where C depends only on d and where Af{Q, tT) is the Gaussian distribution on M."^ 
with mean and covariance matrix tT. 

Proof. For rt G N* to be chosen later and i E {1, ...,n}, we consider 



p-1/2 



it/r, 



h{z)N{ds,dz). 



I {i-l)t/n J A 

We want to use Theorem lA.ll We first observe that the random variables are 
i.i.d., E(^i) = and Cow(^i) = Id- We now prove that G Ad{T) for some r > 1. 
For u G W^, we have E^exp(u.^i)^ — exp(<^(u)), with 



ip{u) = 



t 



exp U-^{T-''Mz)).u) - 1 - J-^{T-^/^h{z)).u\v{dz). 



For [x, y) eW^ X W^, 

ly2 

"exp (^J^{T'^/^hiz)).u^ [(T-'/^h{z)).y]^{r~^/^h{z)).x'\ v{dz). 



d^dl^ifiiu) 



< i. We have, recalling that k := uiaxzeA \^^^^^h{z)\, 



We now search for r > such that \dxdy2f{u)\ < |a;|r|j/p for any u satisfying 



\d.dlMu)\ < ]I^J/^P {^\T-'/'hiz)\\u\) \r-'/^hiz)\^\y\'\T-'/^h{z)\\xWidz) 

< y|exp(y|^)|yp.|x| jjT-'/'h{z)\Mdz), 
since |m| < i. We have, observing that F is symetric, 
\T~^''^h{z)\^v{dz) = 



h*{z)T'^h{z)v{dz) 
V / h,{z){T-^),jhj{z)v{dz 

'^(^^^)iJj hi{z)hj{z)v{dz 



E (r"')..r., = E(E(r-i),,F,,) = J^i^-'ru = d. 
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\d^d\2^{u)\ < Ixllypy^exp (^■^'^dn = |a;||y|^^ exp(^) < 
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So we have S,i G -4rf(r) with r = 2dK^Jj. Thus choosing n > ^Ji^-i so that r > 1, we 
can apply Theorem lA.il one can construct on some probabihty space a sequence of 
independent random vectors Xi, X„ such that C{Xk) = C{£,k) for any k = 1, n 
and a sequence of independent random vectors Fl, y„ ~ A/'(0, J^) such that 



E 



^ i— 1 i— 1 



Then setting Rt := ^ Ejli ^» (observe that C{Rt) = ^((tr)-!/^^-^)) and Y 



1 : E"^i (observe that Z{Y) = 7V(0,/d)), we get 



E 



< 



exp ih max(l , log — 



For X > 0, we have 



\\Rt - >x)= P(exp [Yd^\Rt - y\) > exp (^^V^) 

< exp(- ^ — Vx) exp (6max(l,log-^)). 

a \/t n:, t 



We consider xo verifying ^-^\/^o ~ ^niax(l, log - 

/•OO 

E(|i?t-r|')= / P(|i?t -y|2 > a;)da; 
Jo 



< xo + exp (6max(l, log — )) / exp ( — — — \fx)dx 
K 2d K 



+ 00 



exp I 



2d 



'-{\/x~ y/x^))dx 



r+oo 

Jo 



'id^K^ 2d^/x^K 



a \fi 
2d~K 



y)dy 



^ an a\Jt 



t 



We thus have 



W|(i?t,AA(0,/d))<C- 



iax(l,log^) 
and finally, since Zt has the same law as \/tV^^^Rt, 

WK^t, AA(0,tr)) < CAt2|r|[max(l,log4 



□ 
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A. 2. Ellipticity of the diffusion matrix. In this article, we need some ellipticity 
hypotliesis for the diffusion matrix recall (jl.Sp . To this aim, we will extend some 
result stated in Desvillettes-Villani [TU] for 7 > 0. 

Proposition A. 3. Let 7 G [—3,0) and Eq,Hq > be two constants. Consider a 
nonnegative function f such that J^-^ f{v)dv = 1, m2{f) < Eq and H{f) < Hq. 
There exists a constant c — 0(7, Eq, Hq) such that for any v € and any ^ G R'^, 

where V [v) — l{v — . 

Proof. For 7 e [—2,0), it is easy to check that in the proof of [TUl Proposition 
4], they only use that 7 + 2 > 0. For 7 e [—3,-2), we have to adapt a little bit 
their proof. In this case, estimate (44) of their proof still holds: for all u e R'^, 
e e (0, 7r/2) and i?* > 

{V{v)0-^> I dv,i\y,\<R,\v-v.y+^f{v,)sin^e 

JW>\De.!^(v) 

> i\v\ + R,y+^ sin^ 9 [ dv*l|..|<flj(«*), 

(recall that 7 + 2 < 0) where -De,c(w) = |w* G R^, > cos 6*1 is the cone 

centred at v, of axis directed by ^, and of angle 9. Now following the scheme of their 
proof, we easily get that {P (w)O-'? > K\v\'^ if > 2R^ and that {P iv)0-^ > K if 
jwj < 2i?* with i?* = 2-\/Eo, which concludes the proof. □ 

A. 3. Generalization of the Gronwall Lemma. In order to treat the Coulomb 
case, we need to use the following generalization of the Gronwall lemma. 

Lemma A. 4. Let T > and 7 : [0,T] — >• R+ satisfy j{s)ds < 00. Let be 
defined by Ii6.1]) . Consider a bounded function p : [0, T] — > R+ such that, for some 
a > 0, for allte [Q,T], p{t) < a + j{s)iP{p{s))ds. We set K -.^ j{s)ds. Then 
p{t) < C{a'^ + a) for all t G [0,T], where C only depends on K. 

Proof. From Chemin m Lemme 5.2.1 p. 89], we get that M{a) - M{p{t)) < 
7(s)ds for all t e [0,T], where M{x) := {l/i!{y))dy for a; > 0. 
RecaUing that ^{y) = y{l — ly<i logy), we get that M{x) — log(l — logx) for 
X e [0, 1] and M{x) = - log a; for x > 1. Let t e [0,T] be fixed. 

If a < 1 and p{t) < 1, we have log ( liiog p^t) ) ^ ^ which gives p(t) < 
e a . 

If a < 1 and p{t) > 1, we have log ((1 — loga)p(t)) < K which gives p{t) < j^ J^^^^ 

and thus necessarily (since p{t) > 1) a > e^~'^ . Thus p(t) < e^ < e^e'^ ^^a. 
If a > 1 and p{t) > 1, we have log < K which gives p{t) < e^a. 
If a > 1 and p{t) < 1, we have p{t) < I < a, which concludes the proof. □ 

A. 4. Construction of a subdivision. We end this paper with the following re- 
sult. 

Proposition A. 5. For T > fixed, we consider h £ £^{[0,T]) with h{s) > 
for any s G [Oj^]. For any n G N*, there exist a subdivision < Qq < ... < 



GRAZING COLLISION LIMIT OF BOLTZMANN'S EQUATION 



51 



^"2nTJ-i '^l2nT\ ~ such that Og < 1/n and for any i G {0,..., [2nTj — 1}, 
l/4n < a-Yi - a" < 1/n and 

[2nT\-l J, 

^ (ar+1 - OMaD < 3 / Hs)d.s + 3. 

Proof. We take a'l e such that /i(af ) < h{s) + 1/T for any s £ 

ilK' t]- We set g{s) = ^1^" ' /^(Olj^^ (^.^iii] } " have ^(s) < h{s) + 
1/T, I /An < a^+i - af < 3/4n and thus 

[2nT\-l l2nT\-l j, 

^ (ar+1 - < ^ E '^(O = 3 / <?(s)ds < 3 / his)ds + 3, 

i=o »=o -^0 

which concludes the proof. □ 
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